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PKEFACE. 



This work is an introduction to the study of the Differential and 
Integral Calculus, and is intended for colleges and technical schools. 
The object has been to present the Calculus and some of its important 
applications simply and concisely, and yet to give as much as it is 
necessary to know in order to enter upon the study of those subjects 
which presume a knowledge of the Calculus. The book will be 
found to be adapted to the needs of the mathematical student, and 
also will enable the engineer to get that knowledge of the Calculus 
which is required by him in order to make practical applications of 
the subject. 

All of the formulas for differentiation are' established by the 
method of limits. This method is preferred because it is more readily 
understood, and is more rigorous than the method of infinitesimals; 
and, moreover, it has the great advantage of being a familiar method, 
as the student has previously used it in Algebra and Geometry. 
But the differential notation is fully explained, and is employed 
when there is any advantage gained by so doing, particularly in the 
investigations of the Integral Calculus. 

As soon as the fundamental formulas of differentiation have been 
established, the corresponding inverse operations or integrations fol- 
low. Thus the essential unity of the two branches of the Calculus 
is emphasized, the whole subject is made more intelligible, and there 
is a saving of much space. 

Principal applications of the Calculus, as in Maxima and Minima, 
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iv PREFACE. 

Radius of Curvature^ etc., are treated at some length, while less 
important subjects are treated much more briefly. 

A large number of carefully selected examples, some original ones, 
and numerous practical numerical problems from mechanics and dif- 
ferent branches of applied mathematics are given. 

As there has been an increasing demand for a short course in 
Differential Equations, a chapter on this subject is given which it is 
hoped will meet a much-felt want. 

A table of Integrals, arranged for convenience of reference, is 
appended. 

Many American and English books, and some of the leading 
French and German works, have been freely consulted, and problems 
have been gathered from many different sources. 

WILLIAM S. HALL. 
E ASTON, Pa., January, 1897. 
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DIFFEEENTIAL AND INTEGRAL CALCULUS. 

CHAPTER I. 

DEFINITIONS AND FIRST PRINCIPLES. 
Art. 1. Constants and Variables. 

The quantities employed in the Calculus belong to two classes, — 
constants and variables. 

A constant quantity is one which retains the same value through- 
out the same discussion. Constants are usually denoted by the first 
letters of the alphabet. 

A variable quantity is one which admits of an infinite number 
of values in the same discussion within limits determined by the 
nature of the problem. Variables are usually represented by the last 
letters of the alphabet. 

Art. 2. Functions. 

One variable quantity is a function of another when they are so 
related that for any assigned value of the latter there is a corre- 
sponding value of the former. Arbitrary values may be assigned to 
the second variable, which is then called the independent variable^ 
while the first variable or function is called the dependent variable. 

For example, the area of a circle is a function of its diameter 
because the area depends on the length of the diameter, and tb.e 
diameter whose length may be assigned at pleasure is the inde- 
pendent variable. 
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2 DIFFERENTIAL AND INTEGRAL CALCULUS. 

The trigonometric functions are functions of the angle, the angle 
being regarded as the independent variable. 

Expressions involving Xy such as 



a^, cut? 4- 6a; 4- c, log a;, Vl — x*, 
are functions of the independent variable a?. 

A quantity may be a function of two or more variables. For exam- 
ple, the area of a plane triangle is a function of its base and altitude ; 
the volume of a rectangular parallelepiped is a function of its three 
dimensions. 

The expressions, 



are functions of x and y. 

The expressions, 

aV-\-by-h(^A logix'-hxy-^-z^, 

are functions of x, y, and z. 

An explicit function is one whose value is expressed directly in 
terms of the independent variable and constants. For example, y is 
an explicit function of x in the equations 



y = - -yjx^ — d\ and y=2aa;4-a^-fc*. 

Explicit functions are denoted by such symbols as the following: 

y=f(x)', y = F(x)', 2/ = <^(aj); y=f(x); 

which may be read respectively: "y equals the / function of a;"; "y 
equals the large F function of a;"; "y equals the <^ function of a"; 
" y equals the / prime function of x.*' 

..-'^'When the equation giving the relation connecting the variables is 
not solved with reference to y, y is an implicit function of x. For 
example, y is an implicit function of x in the equations 
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DEFINITIONS AND FIRST PRINCIPLES. 3 

Implicit functions are denoted by such symbols as the following : 

which may be read, " the / function of x and y equals zero " ; etc. 

Art. 3. Increments. 

If a variable receives any addition to its value, this addition is 
called an increment, and is usually denoted by the symbol A placed 
before the variable. Thus an increment received by the variable x 
would be denoted by Ax, and would be read " delta a;," or " increment 
of ir." The increment of a variable may be either positive or negative ; 
if it is positive the variable is increasing, and if it is negative the 
variable is decreasing. A negative increment is sometimes called a 
decrement. 

Art. 4. Limits. 

A limit of a variable is a constant value which the variable contin- 
ually approaches, and from which it can be made to differ by a quan- 
tity less than any assignable quantity, but which it cannot absolutely 
equal. 

For example, assume that a body is moving along a straight line 
from -4 to JB as in Fig. 1, under the condition that in the first interval 

A i 2 3 4 B 

Fig. 1. 

of time it shall move one-half of the entire distance, or from A to 1, 
and one-half of the remaining distance, or from 1 to 2, in the second 
interval, and so on, moving during each interval one-half of the dis- 
tance remaining. In this case the entire distance AB is a constant 
toward which the distance traversed by the moving point continually 
approaches as a limit but never reaches. 

The limit of -, as x increases indefinitely, is zero ; as a? in this frac- 
tion increases the fraction decre^es, and as x may be increased at 
pleasure, the fraction may be made* to approach indefinitely near to 
zero. 
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4 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Let the locus of the equation j^ = - be drawn by the method of 
rectangular coordinates as in Fig. 2. 




If a? = 1, then y = 1 ; 
If a: = 2, then y = .5; 
If a? = 4, then 2/ = .25 ; 
If a;=100, then 2/ = . 01; 



Or as the abscissa increases the ordinate decreases toward zero as 
a limit; thus the curve continually approaches the X-axis, but never 
reaches it. 

The limit of the value of the repeating decimal 0.555..., as the 
number of decimal places is continually increased, is f . 

A variable may approach its limit in three ways : 

1st. A variable may increase toward its limit, as is the case when 
a polygon is inscribed in a circle ; the polygon will increase toward the 
circle as its limit, as the number of sides is increased. 

2d. A variable may decrease toward its limit, as is the case when 
a polygon is circumscribed about a circle ; the polygon will decrease 
toward the circle as its limit, as the number of sides is increased. 

Sd. A variable may approach its limit and be sometimes greater 
and sometimes less than its limit. For example, take the geometrical 
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DEFINITIONS AND FIRST PRINCIPLES. 6 

progression whose first term is 1 and whose ratio is — ^, giving the 
series 1, — J, i, '~Y7y"'i ^®^® *^® limit of the sum of the series, as 
the number of terms is indefinitely increased, is f ; but the sum of 
any odd number of terms will be greater than this limit, and the sum 
of any even number of terms will be less. 

Art. 5. Theory of Limits. 

From the definition of a limit of a variable, it follows that the 
difference between the variable and its limit is a variable which has 
zero for its limit. Therefore, to prove that a given constant is the 
limit of a certain variable, it is sufficient to show that the difference 
between the variable and the constant has the limit zero. 

1st. The fundamental proposition in the theory of limits is the 
following ; 

If two variables are equal and are so related that as they change they 
remain always equal to each other, and eojch approaches a limit, their limits 
are equal. 

Let X and y be the variables, and a and h their respective limits, 
and let a' and y' represent the differences between the variables and 
their limits. 

Then a = a;-fa;', and b = y-\'y'. 

Since a: = y is always true, 

a-6 = a.'_y. (1) 

In equation (1), x' — y' is equal to a constant, and x' and y' are varia- 
bles that approach zero as a limit. Hence x' — y' = 0, and, therefore, 
a -- 6 = 0, or a = 6. 

The supplementary propositions are readily established. 

2d. The limit of the algebraic sum of a finite number of variables 
is the algebraic sum of their limits. 

3d. The limit of the product of two or more variables is the product 
of their limits. 

4th. The limit of the quotient of two variables is the quotient of 
their limits. 
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6 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Art. 6. Limiting Ratio of Increments. 

If an increment be given to a? in j^ =/(»)> y '^'^ll receive a corre- 
sponding increment ; required the limiting value of the ratio — ^« 

Taking first a particular function, for example, y = aa;^. 

In this example, if x receives an increment represented by Aa? or A, 

y will take a corresponding increment represented by Ay; and the 

equation becomes 

y-f Ay = a(a; + ^)2 

= oaj^ + 2 axh + ah^. 

Subtracting y = aa?, 

Ay = 2axh^ah\ (1) 

Dividing by Aa? = hy 

^=2ax'^ah. (2) 

lxX 

As h approaches zero, each member of this equation will approach 
a limit, and by Art. 5 these limits are equal ; therefore 

limit of ^ = 2aa?. (3) 

Aa; 

In order to make a definite application, let a = 16 in the given equa- 
tion, and substitute s for y, and t for x-, then the equation becomes 
8 = 16 t^j which is approximately the equation of a freely falling body 
near the earth's surface, s representing the number of feet fallen, and t 
the time of the fall in seconds. 

Then the proper substitutions made in equation (3) give 

limit of ^=32(, 
A« ' 

which is seen to be the actual velocity at the end of t seconds. There- 
fore the limiting ratio of the increments of distance and time is the 
velocity at the end of the period. 

To illustrate further, let the object be to determine the increments 
produced in s by certain decreasing increments assigned to t, when t 
has some given value, as 10. 
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DEFINITIONS AND FIRST PRINCIPLES. 7 

Substituting s = y, « = a; = 10, a = 16 and Ai = Aa?, in (1), (2) 
and (3): 

As = 320A« + 16(A«)', 

^ = 320-hl6(AO, 

and limit of — = 320. 

At 

Let At = 0.1, then As = 32.16 and — = 321.6 ; 

' . A^ * 

Let A« = 0.01, thenA«= 3.2016 and— = 320.16; 
' At ' 

Let A« = 0.001, then As = .320016 and — = 320.016 ; 

At 

Let At = 0.0001, then As = .03200016 and — = 320.0016 ; 
' At 



And it is apparent that as At continually diminishes, As also 

As 
decreases, and the ratio of the increments, — , approaches 320 as its 

limit. 

Take next a geometrical example. 

Let the curve be the parabola whose equation is y = ■V2x, and 
whose locus is shown in Fig. 3. Let («', y') be the coordinates of P, 
and (x' 4- Ax, y' -f A^^) be the coordinates of any second point P', 



Then y' + Ay= V2 (x' + Ax). (1) 

Subtracting y'=V2^', 

Ay = V2 (a?' + Ax) - V2x*; 

hence Ay^^2{x' + Ax)-V2^^ (2^ 

Ax Ax 

Rationalizing the numerator of (2), 

Ay 2A« 2 



^« Aaj[V2(aj' + Aaj) + V2ajG V2 (a' -f Aa) + V2x' 

and limit of -^ = — — = = . = — • 

A« 2V2x' V2x' y' 
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8 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Fiom the figure, it is obvious that -^ is the tangent of the angle 

Ax 

P^TXj and if the point P' approaches indefinitely near to P, the line 
P'T will be a tangent to the curve at P. Therefore, the limit of —2, as 




Fio. 3. 



Az approaches zero, is the tangent of the angle which the curve makes 
with the X<axis, and is equal to the reciprocal of the ordinate of the 
point of contact. 

If P is at the extremity of the latus rectum, coordinates (|^, 1), then 

limit of ^=1 = tan 45% 
Ax ' 

or the tangent to the parabola at the extremity of the latus rectum 
makes an angle of 45° with the X^ixis, which is a well-known property 

of thecurre. 

Art, 7. Derivatives, 

Av 

The limit of —^ in the preccniing article is OAllcd the derivative of y 



Ax 



<iv 



with respect to x, and is donot<Hl by "-'^ Honoe the definition: If v is 
a function of x, the derivative of y with rosi>e(.^t to x is the limiting 
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DEFINITIONS AND FIRST PRINCIPLES. 9 

value of the ratio of the increment of y to the corresponding increment 
of X, as the increment of x approaches zero. 

In general, let y =/(»). (1) 

When X is given an increment Aa? or h, y takes a corresponding 
increment Ay, and the equation becomes 

2^4-Ay=/(a; + ^). (2) 

Subtracting (1) from (2), 

^y=f(x + h)^f(xy (3) 

Dividing (3) by Ao:, ^ = /(^ + A) -/(o^). ^^^ 

As Ax approaches zero, the limit of — ^ is the derivative of the 

function, and is represented by ^• 

ax 

Therefore ^ = ^^ = limit of /(a' + ft) -/(«>). 
dx dx Ax 

The derivative is often called the differential coefl&cient, and the 
symbol /(aj) is frequently used instead of -^» 

The term '^ derivatives^ is fully as significant as differential coefficient, and is 
certainly to be preferred when the method of limits is used. The word ** deriva- 
tive " will generally be used in this book. Derived function is another name which 
is sometimes adopted instead of the word "derivative." It must be carefully 
noticed that A and d are not factors,, but symbols of operations. 

The general method of finding the derivative of any function of x is 
as follows : Two values of the independent variable, as x and x -f Aa, 
are taken, and the corresponding values of the given function are 
found; the difference between these two values of y is the increment 
of the function corresponding to the increment Aa? given to a?. The 
limit of the ratio of these two increments, as Aa; approaches zero, will 
be the derivative of the function. 

According to this method, general rules or formulas are obtained 
for forming the derivatives of the different kinds of functions. 
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10 DIFFERENTIAL AND INTEGRAL CALCULUS. 



Abt. 8. Differentiation and the Differential Calculus.* 

The operation of finding the deriyatiye of a function is called 
differenticUion. 

The object of the Differential Calculus is to determine the deriva- 
tives of functions, and to investigate their properties and applications. 

* The Differential and Integral Calculus originated in the seventeenth century. 
Newton was the first discoverer of the new analysis, but to Leibnitz belongs the 
credit of priority of publication and the invention of a notation much superior to 
Newton's, and which has entirely superseded it. Leibnitz first published his new 
method in 1684. 

Newton called his method the method of fiuxlons. According to him, all quan- 
tities are supposed to be generated by continuous motion, as a line by a moving 
point. Fluxions are the relative rates with which functions and the variables on 
which they depend are increasing at any instant. 

Leibnitz considered all quantities to be made up of indefinitely small parts or 
infinitesimals ; a surface being composed of indefinitely small parallelograms, and 
a volume of indefinitely small parallelopipeds. The nomenclature and notation of 
the Calculus now in common use were original with Leibnitz, and introduced by 
him. 

According to Newton, the fiuxion of x would be denoted by x, while by Leibnitz 

dx 
the corresponding derivative is --. 

at 
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CHAPTER 11. 

DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 

Art. 9. Definition. 

An algebraic function is one in which the only indicated operations 
are addition, subtraction, multiplication, division, and involution and 
evolution with constant exponents. 

In this chapter only functions of a single independent variable x 
will be treated, and throughout the chapter u, v and w will be regarded 
as functions of x. 

Art. 10. Algebraic Sum of Any Number of Functions. 

If y be taken to represent the algebraic sum of three functions of 
X, the equation may be written 

y = w 4- v — to. (1) 

If an increment Ao; is given to Xy the variables y, u, v and w, which 
are functions of x, will take the corresponding increments Ay, Aw, Av 
and Aw, respectively ; then (1) becomes 

y + Ay = (w 4- Aw) 4- (v 4- Av) — (to -j- Aw). (2) 

Subtracting (1) from (2), 

Ay = Aw -j- Av — Aw. (3) 

Dividing by Aa;, ^ = ^ + ^-^. (4) 

Ax* Aa; Ao; Aa; 

When Aa? approaches zero, 

limit of ^ = ^, limit of ^ = ^, etc., by Art. 7. 
Aa? dx Ax dx 

11 
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12 WrrEBEXTUL AXD IXTEGRAL CALCULUS. 

ri*>nUftt ^^=^-+^-^, bTAit&lstaiidSd; 

dx dz dx dx 

<f (« -f r — tr) _ cf « dc _ dm: » 

<Lp dz dx dx 

If tbe algebcaic sum of four or more rambles be given, the deriTSr 
tjv« would \0^ found similarlj. 

L H^uft/tf the derivaJtive of the algebraic mm of any nuwuber of fume- 
ti//fOf of zu ^pi/d Uf tfie algebraic gum of their derivatives. 

Akt. 11, Product of a Coxstaxt asi> a Fofcnox. 

Let a represent any constant, then the product of a constant and 
a f un^ion of ^ may be written 

y = ar. (1) 

Let 1^ and y take the increments Av and A^f corresponding to the 
increment /iz given to Zf then 

y+Ay = a(t?+At;). (2) 

Subtracting (1) from (2), Ay = aAv. 

Dividing by Aaj, ^ = a^. (3) 

Aa; Aa; 

When Ao? approaches zero, by Art. 5, 1st, 

limit ^ = limit/^a^V, 

Ao; V ^^J 

therefore ^ = a ^, by Art 7. H. 

oo? Cue 

If VBsXf Av = Aoj and -^ = a. 
da? 

II. Hnnce, iJ/ie derivative of the product of a constant and a function 
of X in the in^oduct of the constant and the derivative of the variable. 

Art. 12. Any Constant. 

Ah the value of a constant remains unchanged in any one discus- 
Hioii, tlio coiiHtant receives no increment, or, in other words, the incre- 
luont of the couHtant is zero. 
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DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 13 

Let a represent any constant ; then 

Aa = and ^ = 0. 
Therefore, when Ax approaches zero, 

^ = 0. III. 

dx 

III. Hence, the derivative of a constant is zero. 

Art. 13. Product of Two Functions. 

Let the product of two functions of a; be represented by y = iiv. 
When X is given an increment, the variables v, u and y receive corre- 
sponding increments, and the equation becomes 

y + Ay = (w + Au) (v + Av) 





= uv + uAv + vAw + Aw Av. 


(1) 


Hence 


Ay = (v + Av) Au + wAv ; 


(2) 


and 


Ax Aa5 Aa5 


(3) 


When Aaj approaches zero, 






Aa; dx ^ dx 





limit (y 4- Av) = v, and limit — = — . 

Ax dx 

Therefore, by Art. 5, 

dy^ d(uv) ^^du ^ ^dv jy 

dx dx dx dx 

IV. Hence, <^e derivative of the product of two functions of x is the 
SUM of the products of each function by the derivative of the other. 

Art. 14. Product of Three or More Functions. 

Let the product of three functions of x be represented by y = uvw. 
The product of two of the functions, as uv, may be taken equal to 
z ; then, by the preceding article. 
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dw 

uv — 

dx 



14 DIFFERENTIAL AND INTEGRAL CALCULUS. 

d (uvw) __ d (zw) _ dz . dw 
dx dx "^ dx dx 

(du , dv\ , 

dx dx dx 

This process may be extended to the differentiation of the product 
of any number of functions. 

V. Hence, tJie derivative of the product of any number of functions 
of X is equal to the sum of the products of the derivative of each into 
the product of all the others. 



Art. 16. Quotient of Two Functions. 
Let the quotient of two functions of a? be represented by y = — 



Then 


vy^w, 


and, by V., 


^d^_^^^du 
dx dx dx 


Therefore 


du__ dv 
dy dx dx 
dx V 




v^^u^ 
dx dx 



VI. 

VI. Hence, th£ derivative of a fraction is equal to the denominator 
multiplied by the derivative of the numerator, minus the numerator multi- 
plied by the derivative of the denominator, divided by the square of the 
denominator. 

Cor. 1. If the numerator is constant, — = 0, by III., and VI 

dx 

becomes dv 

u — 
dy_^ dx 

dx'' 7^' 
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DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 15 

Hence, the derivative of a fraction with a constant numerator is 
negative and equal to the numerator multiplied by the derivative of 
the denominator, divided by the square of the denominator. 

Cor. 2. If the denominator is constant, -^ = 0, by III., and VI. 

ax 

becomes du du 

V — — 
dy _ dx _dx 

dx^ v^ "" v ' 
which is the same result that would be obtained by II. 

Art. 16. Constant Power of a Function. 

Case 1. When the exponent is a positive integer. 
Let v be a function of x, and n its exponent ; then 

2/ = ^", 
y + Ay = (v + Av)*, 
and Ay = (v + Av)" — v". 

Expanding (v + Av)", by the Binomial Theorem, and dividing by Ax, 

^ =[„,,-. +!LlE^v»-.(At,) ... + (At;)- >1^. 
When Aic approaches zero, Av approaches zero also ; hence 

^ = nt;->*^. VII. 

dx dx 

Case 2. When the exponent is a positive fraction, — • 

n 

m 

Let y = v^f 

then y* = ^"•. 

As m and n are positive integers, by Case 1, 

dx dx 

therefore dy^m 2^ di^^m v;;^ dv 

dx n y"-^ dx n m-? dx 

V " 



n dx 



VII. 
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16 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Case 3. When the exponent is negative and either integral or 
fractional, as — n. 

Let y = v~", 

then 2/ = — 

Differentiating by Art. 15, Cor. 1, 

^ = ^=_nv-«-i^. VIL 

dx v^" dx 

VII. The derivative of a constant power of a f ■unction of x is equal to 
the product of the eocponent, the function with its exponent diminished by 
unity, and the derivative of the function. 

Radical expressions may be differentiated according to this rule, 
the quantities being first transformed into equivalent expressions with 
fractional exponents. 

The radical of the second order is the one that occurs most fre- 
quently. It is differentiated as follows : 

Let y = Vv = vK 

dv 

dx ^ dx 2y/v 

Hence, the derivative of the square root of a function of x is equal 
to the derivative of the function divided by twice the square root of 
the function. 

PROBLEMS. 

The formulas established in this chapter are sufficient for the 
differentiation of all algebraic functions of a single variable. 
Differentiate the following functions : 

1. y^a-\-hx + Qi?. 



^da ^ djhx) ^ ^(^), by L 
dx dx dx ^ 
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DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 17 

^ = 0, by III.; ^ = 6, by XL; ^ = 3«',by VIL 
ax dx ax 

Therefore f^= 6 + 3a!'. 
cue 

2. y=(a + x)(b + 23?). 

^=(b + 2a0%!l^ + (a + a;) ^(ft + 2«0 , by IV., 
ax dx ax 

= (6 + 2a^ + 4(a + aj)« 

= b + 6x^ + 4:ax. 

* (a + ieO' 

Applying VI., and VII., 

dy _ (g -I- a;^» X 12a;' - 4a!' x 3(a + ie^' X (2a;) 
dx (a + a^* 

^ 12x'(a-a^ 
(a + a^* 

^4. y = a;(l + ar^(l+a?). 

1= (1 + aO(l + aO + a!(H- aO|(l + aO + x(l + a;0|,(l + aO 
= (1 + a;')(l + af^+ a;(l + a;')(2«)+ x(l + a^{3af) 

Nb «=1±£. dy^ l-2a;-a!' 

■^1 + a;' da;(l + a!7 

/- ^y ^ ^ 

^Ni 7. y = (a+«W4-«)". ^ = (a + a;)"'-'(^ + a:)»-'[m(6 + a:) + n{a + «)]. 

aa; 

^ 8. 3^ = V^- ^ = ^ 



x da? (1 __ a;) VH^ 

9. 3^ = 1. ^ = -JL.. 

^ a» d« af+^ 

dy _ a4-3a; 



UO. y=(a-a:)V^+^. ---^;^^=. 



o 
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18 DIFFERENTIAL AND INTEGRAL CALCULUS. 



11. 2/ = aj(a* + af)Va' — a^. 

12. y^ ^^=. 



dy a*+aV-4xi« 




dy_ 1 




a* Vl-a!«4-2a!(l- 


-aO 


dy_ l+Vl-a:' 





Vl+aj— Vl— a 
14. y=(l-3a:* + 6aj*)(l + a0^ ^ = 60 0:^(1 + »^«. 



(to as'V. Vl — W 



VH-a!*+Vl-a!» 
16. y= ^ ^ ^^ ■ 

VT+^-Vl-ir» 
Ka!« + l)*(4a!»-3) 
18 y^ 2»*-l dy_ 1+4X' 



17. y = 3(a!«4-l)*(4a!»-3). ^ = 56a!»(a!» + l)i 



19 V(a; + a)'' dy _ (x-2a)^x + a 

V^r^ ' <^ (a;-a)t 

20 v^ ^ ^ #_ m(& + «)+w(a + a;) 
■ ■* (o + a!)-(6 + a;)» da; (a + «)"^'(6 + a!)"+» 

21 :,_( <^ -V. ^= M__. 

Vl+Vl -ar'y (^ ajvT^T^ 

•, ^ / 1-ar' dy_ 2«(2-g«) 
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CHAPTER III. * 

DIFFER£NTIATION OF TRANSC£ND£NTAL FUNCTIONS. 

Art. 17. Definitions. 

All functions that are not algebraic are called transcendental. Tran- 
scendental functions are divided into four classes : 

1st. Logarithmic functions ; those in which a logarithm of a varia- 
ble is involved. 

2d. Exponential functions ; those in which a variable enters as an 
exponent. 

3d. Trigonometric functions; those involving sines, cosines, tan- 
gents, etc., in which the arc is the independent variable. ■ 

4th. Inverse trigonometric functions; those derived from trigono- 
metric functions, by taking the arc as the dependent variable. Thus, 
from the trigonometric function, y = sin a;, is obtained the inverse 
function, x = arc sin y, which is read, " x equals the arc whose sine is 
yy The inverse trigonometric functions are also called circular func- 
tions and anti-trigonometric functions. 

The inverse trigonometric functions are often expressed differently, 
as shown in the following identities : 

arc sin^ = sin~^ y ; arc tan y = tan~^y ; arc cosec y = coaec^y. 

This second notation, employed to express inverse trigonometric func- 
tions, was suggested by the use of negative exponents in algebra, but 
the student is cautioned against the error of regarding sin~^y as equiva- 
lent to -: — • Another application of this notation for inverse func- 
smt^ 

tions is seen in an anti-logarithm ; if 2/ = log a?, then x = log-^y. 

19 
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20 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Abt. 18. Base of the Natural System of Looabithms. 
The base of the natural, or Naperian, system of logarithms is the 
limit ofM-f-jaso? approaches infinity. 

By the Binomial Theorem, 



=1+1+— +^^-J^ 

^ ^ 1.2 ^ 1-2.3 



^^ + . 



When X increases indefinitely, 

lin.it(l+i)=l + l+^^ + j^+.... i 

This limit is usually denoted by e. 

Therefore e = 1 + 1 + ^-+— 4-^+ .... 

By summing this series the value of e is found to be 2.7182818+, 
which is the base of the natural system of logarithms. 

Art. 19. Logarithmic Functions. 

Throughout this chapter, v and u will always be regarded as func- j 

tions of a single independent variable x. 

Let the base of the system of logarithms be a; i 

then let 2/ = log,'y; 

hence y'^^y = log, (v + Av), 

^y = log, (v + Av) — log. V 



=:^l0gyij:^f 
V \ V J 



5 
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diffi;bentiation of transcendental functions. 21 

and ^^^log.fl+^y-. 

Now as Aaj approaches zero, Av approaches zero; and therefore 

— ^ approaches zero and — approaches infinity. 

V Av 

If — be substituted for x in the preceding article, the limit of 

Av 

« 

1 1 H ] is seen to be e. 

dv 

Therefore ^ = log, e ^. VIII. 

dx V 

Log.e is the modulus of the system in which the logarithm is 
taken and may be denoted by M, 

VIII. Hence, the derivative of the logarithm of a function of x is 
equal to the modulus, multiplied by the derivative of the function, divided 
by the function. 

Hereafter, when no base is specified, it will be understood that 
natural logarithms are used ; then 

M=z\og^e = log^e = l, 

and VIII. becomes ^ = ^ L VIII. a. 

dx dxv 



Art. 20. The Exponential Function with a Constant Base. 

Let the exponential function with a constant base be 

y = a\ 
Taking the logarithm of each member, 

log 2^ = vloga. 

Differentiating by VIII., 

dy 

,^dx , dv 
M — = loga3-; 
y ^ dx 
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22 DIFFERENTIAL AND INTEGRAL CALCULUS. 

IX. 

And when Naperian logarithms are used, 



therefore ^^^^db^ 

dx M dx 



|? = aMoga$?. IX. a. 

dx dx 

If a == e in IX. a, since log^e = 1, 

^ = 6-^. IX. 6. 

dx dx 

li v = x in IX. a, ^ = «' logo. (1) 

Ifa = ein(l), ^ = er. IX. c. 

IX. Hence, the derivative of an exponential function with a constant 
base is equal to the function multiplied by the logarithm of the base and 
by the derivative of the exponent, divided by the modulus. 



Art. 21. The Exponential Function with a Variable Base. 
Let the exponential function with a variable base be 

y = W. 
Then logy 1=^ log u; 

dy du 

and by VIII., M- = Jlf — + log u f^- 

•^ ' y u ^ dx 

mi- £ dy „.i du , %*' log u dv ^ 

Therefore -^ssvw"^-— H tt—^' X. 

dx dx M dx 

X. Hence, the derivative of an exponential function with a variable 
base is equal to the sum of two derivatives; the first being obtained as 
though the base were variable and the exponent constant, and the second 
as though the base were constant and the exponent variable. 
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DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 23 



PROBLEMS. 



- 1. ysaj'logaR. 



2. y=i \og(^x + 7?). 



3. y = log 



g + a? 
a — 05 



r=log^ 



4. y = 

6. y = loga^. 



y=log*a?. 
y=logGogaj). 



7. 
8. 
9. y = log 



Vg' + 1 - a? 



10. 3/ = log 



Vl + g + Vl — 0? 
Vl + » — VI — a? 



11. 


y 


12. 


y 


13. 


y 


14. 


y 


16. 


y 



= log ( ViT^ + VI -a^. 

= e«(a.^l). 

= 2ev^(a;l - 3a: + 6ai - 6). 



da;' 
cZa; 

dx 

^. 
da;" 

dx 

dy_ 
dx' 

dy_ 
dx 

dy 
dx 

dy_ 
dx' 

dy^ 
dx 

dy_ 
dx 

dy_ 
dx 



: a; (2 log a; + 1). 

. 2 + 3a^ 

'2a; + a;»' 

2a 



1 
l-a;*' 

1 



Vl4-«* 
.2 

X 

^ 2 log a; 

X 

^_1 

a; log a; 



V?Ti 
1 



ajVl — a* 
1 1 



:a'"e"loga. 



dy 
dx 



^ = 2a^.l9S^.x. 



dy 
dx 



^ = e-aj. 



dy 
dx 



^ = xe>^-', 
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24 DIFFERENTIAL AND INTEGRAL CALCULUS. 



16. y = 

17. y = 



e* ' dy__ x€^ 

1-^x flx""(l-f x/ 



1 



18. y = af. dy ^af (l^logx)^ 
^ dx x" 

19. y=a*a'. ^ = a'x"-*(n + «loga). 

20. y = af. ^ = af(logaj + l). 

(ia; 

21. y = a^^'. ^^zlogx^'x'^'-K 

dx 

22. ^ = 0?^. ^ = af'Aoga; + log*a;+-V-'. 

fWJ \^ xj 

23. y = e'[af-naf-^-hn(n-l)iB""'+--]- — = 6*0^. 

Art. 22. Circular Measure.*' 

In higher mathematics, angles are not measured by the ordinary 
degree or gradual system, but in terms of another unit. The circular 
measure of an arc of a circle is the ratio of the length of the arc to the 
length of its radius; and it is evident that this ratio does not vary 
with the radius. Thus the value of an arc of 360° in circular measure 

is ?£!:= 2 IT, of 180° is tt, of 90° is ^, and of 1° is -^. 
r 2 180 

The angle at the centre of a circle subtended by an arc equal to the 
radius is the radian or circular unit. 

Let X denote the number of degrees in an angle, and z the number 
of radians in the same angle; then since there are w radians in two 

right angles, 

X __ z 
180 ~7r' 

Therefore ^ = T37i ^' 

lo() 

* Hall's Mensuration, §§ 9, 10, 11, and 12. 
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DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 26 



and 



180 

TT 



Hence, to reduce from gradual to circular measure, the number of 

degrees in the angle is multiplied by -^ ; and to reduce from circular 

180 ^gQ 

to gradual measure, the circ lar value is multiplied by -^— 



Art. 23. Limiting Value of 



SIN^ 



Let the small angle AOB in Fig. 4 be represented by 6, and the 
radius OA by a; and let BC, AB and AB be sinO, chords and tand, 
respectively. 

D 




C A 



Fig. 4. 



The area of the triangle AOB = ^a* sinfi; 
The area of the sector AOB = ^a^0- 
The area of the triangle AOB = ^ a* tan ; 

and these areas are obviously in an ascending order of magnitude ; 
hence tan ^ > ^ > sin d. 



or 



tan ^ ^ 6 



>- 



sin $ sin $ 



^>1. 



Thus -; — - lies between -?5_ and 1 ; but when approaches zero, 
sin^ sin^ ' ^^ ' 

4^ or approaches 1 ; hence, as diminishes indefinitely, — — - 

sind cos^ -rr J J j> ^^^ 

approaches the limit unity. 
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26 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Abt. 24. Tbioonometbic Functions. 

1. Differentiatioii of the sine of an arc. 

Let y = sin v, 

then y + Ay = sin(v + Av) ; 

therefore Ay = sin (v 4- A v) — sin v. 

By Trigonometry, 

sinA — sinB= 2 cos J(^ + ^ sin J(^ — ^. 

Substituting v + Av = -4, and v = jB, in this formula, 

Ay = 2co8(^,+f)8inf; 

hence — ^ = cos (v-\-—--] 

Aa; \ 2 y 



• Av 
sm— - 

2 Av 



Ay Aa; 
2 

When Aa? approaches zero, Av approaches zero, and by Art. 23, 

. Av 
sin — 

limit is unity. 

Au ^ 

2 

Therefore ^ = cos v ^. XI. 

dx dx 

XI. Hence, tJie derivative of the sine of an arc is equal to the cosine 
of the arc multiplied by the derivative of the arc* 

2. Differentiation of the- cosine of an arc. 

Let y = cos v, 

then Ay = cos (v + Av) — cos v. 

By Trigonometry, 

cos^ - cos JB = — 2 sini {A + B) Aii^{A — B). 
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DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 27 
Substituting v + ^v = A, and v = B, 



hence -^ = — sinf v -{- --^ ) — --^ 

Aa; \ 2 y Av 



Av 
sm-— 

Au 

Aa; 



Therefore ^ = _sini;^. • XII. 

ax ax 

XII. Hence, the derivative of the cosine of an arc is negative, and 
equal to the sine of the arc multiplied by the derivative of the arc, 

3. Differentiation of the tangent of an arc. 

T ^ . sinv 

Let y^rtanv::: • 

cosv 

cosv--(sinv) — sinv — (cost;) 

By VL, ±(^^ = ^ 5 ^ 

dx\QO^vJ cos^y 

9 dv , • 9 dv 

cos*v— + sin^v— 

dx dx 



cos^v 

= sec*v— . XIIL 

dx 

XIIL Hence, th>e derivative of the tangent of an arc is equal to the 
square of the secant of the arc multiplied by the derivative of the arc, 

4. Differentiation of the cotangent of an arc. 

T i. . cosv 
Let y = cotan v = -; 



/ . dv\ f dv\ 

sm -y [ — sm v — ) — cos i; ( cos v — • ) 

By VI d fcosv\^ \ dx) \ dx) 



= ~cosec«v^. XIV. 

dx 

XIV. Hence, the derivative of the cotangent of an arc is negative, and 

equal to the square of the cosecant of the arc, multiplied by the derivative 

of the arc. 
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28 DIFFERENTIAL AND INTEGRAL CALCULUS. 

5. Differentiation of the secant of an arc. 

1 



Let y = seci?=- 



cosv 

By Art. 15, Cor. 1, 

d / V ' dv 
— (cosv) smv — 

dy^ d ( 1 \^ dx^ dx 



■{—) 



dx dxsQO^'vJ cosrv cos^^v 

= 8ecvtanv--^. XV. 

dx 

XV. Hence, the derivative of the secant of an arc is equal to the 
secant of the arc, multiplied by the tangent of the arc, into the derivative 
of the arc, 

6. Differentiation of the cosecant of an arc. 

Let y = cosec v = — — 

^ smv 



By Art. 15, Cor. 1, 



dv 
cosv-- 

dy^ d f 1 \^ dx 



i) 



dx dx\sinvj sin^v 

dv 
= — cosec V cotan v — • XVI. 

dx 

XVI. Hence, tfie derivative of the cosecant of an arc is negative, and 
equal to the cosecant of the arc, multiplied by the cotangent of the arc, into 
the derivative of the arc. 

7. Differentiation of the versed-sine of an arc. 
Let y = vers v = l — cos v. 

Then ^ = -^ (1 - cos v) = sin v ^. XVII. 

dX' dx dx 

XVII. Hence, the derivative of the versed-sine of an arc is equal to 
the sine of the arc into the derivative of the arc, 

8. Differentiation of the coversed-sine of an arc. 
Let y = covers -y = 1 — sin v. 

Then ^ = -^ (1 - sin i;) = - cos v — • XVIII. 

dx dx dx 
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DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 29 

XVIII. Hence, the derivative of the coversed-sine of an arc is nega- 
tivey and equal to the cosine of the arc into the derivative of the arc. 

Art. 25. Inverse Trigonometric Functions. 

It should be remembered that there are two ways of indicating 
the inverse trigonometric functions. The functions arc sin x, arc cos x, 
arc tan «, etc., are often written as follows: sin"^a;, cos"^a;, tan"^a;, etc., 
respectively. 

1. Differentiation oi y = arc sin v. 

Then v = siny. 



hence 



dy _ 1 dv __ 1 dv 

dx cos y dx Vl — sin*y ^ 

dv 

Therefore ^ (arc sin ^) ^ ^^_, XIX. 

dx Vl — v^ 

2. Differentiation of y = arc cos v. 

Then v = cos y. 



dv 



By XII., 




dx dx 


hence 




dy 1 dv 
dx sin y dx 

dv 


Thftrefore 


d (arc cc 
dx 


)S v) _ dx 




VI -v^ 



Vl — cos^y 



dx 



3. Differentiation oiy = arc tan v. 
Then v = tan y. 



By XIII., 


dx dx 


hence 


dy __ 1 dv _ 1 dv 

dx sec^ ydx 1 -f tan* y dx 



XX. 
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dv 






Therefore 




d (arc tan v) 
dx 


dx 






4. Differentiation of y = arc cot 


V. 






Then 




v = 


coty. 






By XIV., 




dv 
dx 


— cosec*^ 


dx' 




too 


dy_ 


1 dv 


1 
1 -h cotan' J 


dv 




dx 


cosec'ydi 


fdx 








dv 






Therefore 




d (arc cot v) _ 
dx 


dx 







XXI. 



XXII. 



5. Differentiation of 3^ = arc sec v. 
Then v = secy. 

By XV., |=secytany|; 

, dy 1 dv 1 dv 

iience -— — ^— — ^— —^ ^z ——..^—^^—^-^—^^^^— , 

do; secytanycto sec y VsecV-i dx 

dv 
Therefore d^^rcseov) ^ _dfc_ ^j jj 

dx vy/v^ — 1 

6. Differentiation of y = arc cosec v. 
Then v = cosec y. 

By XVI., ^ = - cosecy coty^ ; 

dx dx 

hence dy^ 1 dt;^ !____*!. 

dx cosec y cot y dx cosec y Vcosec^y -idx 

dv 
Therefore ^ (arc cosec ^) ^ dx^ XXIV. 

dx i; Vi;2 — 1 
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7. Differentiation of y = arc vers v. 
Then i; = versy. 

By XVII, ^ = sin2/^= VI -008^2/^; 

iience -^ = — — = — ~-» 

«* Vl — cos^ y "^ V2 vers y — vers* y «* 

Therefore (^ (arc vers i;) ^ _jx ^^ 

dx V2 V — V* 

8. Differentiation of y = arc covers v. 
Then v = covers y. 

ByXVIIL, ^ = -.cosy^=-Vl-sin*y^; 
dx dx dx 

hence ^^- ^ - ^= ^ — ^. 

^ Vl — sin^y ^^ V2 covers y — covers* y ^ 

Therefore ^ (arc covers i;) ^ ,i^ XXVI. 

dx \/2v-'V^ 



PROBLEMS. 

1. v = sinna;. -2=ncoswa:. 

dx 

2. v = sin*'a;. -^= nsin*'"*ajcosaj. 
^ do; 

3. 2^ = cot*(aj»). ^ = -6ic2cot(a^cosec«(a?)da?. 

dx 

4 . y = log (sin* x), -^ = 2 cot «. 

dx 

5. v = sin2ajcosaj. -^ = 2 cos 2 a cos a;— sin 2 « sin a?. 

da; 

6. y = e*cosa;. -2 = e* (cos a; — sin a;). 

dx 
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7. y = e^"sinx, 



^ = e~'' (cos X — sin* a?). 



dx 



8. y = sm\ogx. ^ = -cos (logo?). 

9 y — (cos x)'^ *. — = (cos o;)*^" '[cos x log cos a - sin a? tan a] . 

dx 

dy 2 
10. 2^ = logtana;. d^ = ^hr2i- 

— 1 / I H- sin a; dy -_ 1 

y— °^\i_ginx' da cosoj 

12. y = logsecx. -^ = tana?. 



(2a; 



13. 1/ = arc sin-- 
a 



14. t/ = arctan?' 

a 

1 — a^ 

15 . y = arc sin » 

16. y = arcsin(3aj — 4 a?). 

17. y = arc sec 2 a;. 

^ 2a; 

18. y = arc tan * 

1 — ar 

X 

19. y = a; Va^ - a;^ + a^arcsin -• 

20. y=e"«**°*. 

21. y = Va^ — a;* 4- aarc sin -• 

, VI -cos a; dy_l^ 

22. y = arc tan i - ;7l"~9 

^ Vl+cosa; ^«^ 2 
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dy_ 


1 


dx 


Va^-a:* 


dx 


a« + a^ 


dx 


2 

H-a? 


dy_ 


3 


dx 


VI -a^ 


dy _ 


1 


dx 


a;V4a^-l 


dy_ 


2 


dx 

dy _ 
dx 


l + x^ 


= 2Va'-a!". 


dy _ 
dx 


garctanx 


dy_ 


= /^«-=«'^l 
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23. y = arccot- -hlog\/5 — ^• 

24. ^=^i5E^|iMl+iogvr3^. 

o/. .. e**(asinic — cosoj) 
^ a^ + l 

27. y=:^^^'. 

xVb 



28. y = arc sec 



2 Va;2 -h a; - 1 



29. 2/ = logYi-i^ + ^arctan 



x. 



^_ 


2aa? 


(to 


3* -a* 


dy_ 


arc sin X 


(te 


(1-aO^ 


dy_ 


1 


dx 


a? + l 


dy_ 
dx 


:e"8ina!. 


dy_ 


gaicUnx 


dx 


1+X« 


dy_ 


1 


dx 


ajVar' + a;-! 


dx 


1 
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CHAPTER IV. 
differentials. 

Art. 26. Introduction. 

The formulas for differentiation given in the preceding chapters 
have been established by the method of limits. In this chapter another 
method of treatment will be presented which is called the method of 
injinitesimxils. According to this second method, the independent variar 
ble is supposed to change by the continued addition of an infinitely 
small constant increment. This increment is called the differential of 
the variable, and the corresponding increment of the function is called 
the differential of the function. The differential of a variable may 
then be defined as the difference between two consecutive values of the 

variable. Hitherto, the symbol -^ has been regarded as a whole, but 

dx 

here it is defined as the ratio of the differential of the function to the 
differential of the independent variable, and is regarded as a fraction. 
The phraseology and notation of the two methods are different, but 
they give identical results. To illustrate : 

Let y = ^) 

then by VII., ^ = 5i«*. 

If differentials are used, the equation becomes 

dy = 5 ai^dx, 

which would be read, "The differential of y is equal to 5aJ* times th< 
differential of x." 

In general, let ^^f'(x), 

dx 

then dy = f^x) dx. 

34 
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Now the reason for sometimes calling the derivative the differential 
coefficient is apparent, as it is seen to be the coefficient of dx in the 
differential of f(x). 

If each member of each of the formulas, I.-XXVI., be multiplied 
by dx, a corresponding set of formulas will be obtained for the differ- 
entials of functions.* 

Art. 27. Geometric Interpretation op -^« 

dx 

The two methods may be compared geometrically. In Fig. 5, let 

AB represent any plane curve whose equation will show the relation 

between the coordinates of any point of the curve ; then the ordinate 

y may be expressed as a function of x, giving for the equation 

1. By the method of limits. 

Let (x, y) be the coordinates of any point P of the curve and 
{x -f- Aa;, y -f- Ay) the coordinates of any second point P', and \fi the 




Fio. 5. 



angle which the tangent to the curve at P makes with the X-axis. If 
$ be the angle which the secant through P and P' makes with the 
X-axis, and PM be drawn parallel to OX, 

* Lagrange in Mecaniqtte Analytique says : " When we have properly con- 
ceived the spirit of the infinitesimal method, and are convinced of the exactness of 
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36 DIFFERENTIAL AND INTEGRAL CALCULUS. 

tan^ = S=^. 

FM Aoj 

Now, suppose that P' approaxjhes P, or, in other words, that Aa; 
decreases toward zero ; evidently 6 approaches ip, and tan approaches 
tan ijf as its limit. 

By definition, limit ^ = ^. 

•^ ' Ax dx 

Therefore, by Art. 5, tan ^ = ^• 

dx 

2. By the method of infinitesimals. 

Let P and P' represent consecutive points on the curve, then PN 
and P'N' are consecutive ordinates. The part of the curve, PP, called 
an element of the curve, is regarded as a straight line, and when pro- 
longed it forms the tangent to the curve at the point P. PM is drawn 
parallel to OX; 

then PM=NN'=dx, 

and MP' = dy. 

And as ^ = «A> 

tan^ = ^^=^. 
^ PM dx 

Hence, the derivative of the ordinate at any point of a plane curve 
with respect to the abscissa is equal to the tangent of the angle which 
the tangent to the curve at that point makes with the X-axis.* 

Art. 28. Oeometrtc Derivation op the Formulas for the 
Differentiation of the Trigonometric Functions. 

In Fig. 6, let AP represent a circular arc x, with radius = 1, and 
PP' = daj an infinitely small increment given to x. PS is drawn par- 
allel to OA, and PN and P^M are consecutive ordinates. 

the results by the geometrical method of prime or ultimate ratios, or by the ana- 
lytical method of derived functions, we may employ infinitely small quantities as a 
sure and valuable means of abridging and simplifying our demonstrations." 

* The student will be much benefited by plotting curves whose equations are 
of the form y =/(a:), and interpreting the derivative obtained from each equation. 
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P^=sina;; P'Jlf= sin (x + da?); therefore JPS^dsinx. 
ON=cosx; OM =: cos (x -\- dx) ', therefore JOT = — d cos a?. 
The triangle PP^S is a right triangle, and Z PP'S = Z PON. 
Hence, d sin a? = P'S = PP' cos PP'/S = cos xdx, 
and d cos a? = -3f2V=-PP' sin PP'/S 

= — sinajcte. XII. 
-4!r=tana?, 
and AV = tan (« + da;) ; 

hence !r!r' = dtana?, 

and CT' = d sec a?. 

Si> = cota?, 
and J5jH'=cot(a;+ daj); 

hence HD = — d cot a?, 

. and HE = — d cosec x. 

From the triangles OTV and HDE, 
similar to NOP, the differentials of the 
remaining trigonometric functions may be 
obtained. 

It will be noticed in this article, that 
the differential of a function is negative when the function decreases 
as the independent variable increases. 




PROBLEMS. 

1. If the side of an equilateral triangle increases uniformly at the 
rate of 2 inches per second, at what rate does the altitude increase ? 

Let aj = a side of the triangle, and y its altitude; then ^ = |a^. 
Differentiating, and solving for dy, gives dy = ^~- dx, which shows that 
if an infinitely small increment is given to x, the corresponding incre- 
ment of y is — times as great ; that is, the altitude increases ^ times 
2 2 
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38 DIFFERENTIAL AND INTEGRAL CALCULUS. 

as fast as the side. When x is increasing at the rate of ^^ inches per 

second, y is increasing at the rate of —^ times 2, or V3 inches per 
second. 

Eemark. In these examples the differentials are regarded as rates. 
The rate of change of a variable at a given instant may be here defined 
as the increment which it would receive in a unit of time, if its change 
should be uniform throughout the interval. Thus, when a variable at 
a given instant is said to change at the rate of 2 inches per second, the 
meaning is, that an increment of 2 inches would be added in one sec- 
ond, if the change should continue uniform for one second. 

2. If a circular plate of metal is expanded by heat, how rapidly 
does the area increase, when the radius is 2 inches long and increases 
at the rate of .01 inch per second ? 

Let X = radius, and y = area ; then y = irx^, and dy = 2irxdx. 
When aj = 2 inches, and dx = .01 inch per second, dy = .04 tt square 
inches per second, which is the rate at which the area increases. 

3. The common logarithm of 1174 is 3.069668. What is the loga- 
rithm of 1174.8, if the logarithm is assumed to change uniformly with 
the number ? 

Let x = the number, and y = its logarithm ; 

then y = log x, and dy = ~ dx. 

X 

Hence, the increment of the logarithm is — times as great as the 
increment of the number. 

Therefore dy = '^^^^^f^^ X .8 = .000295... . 

And log 1174.8 = 3.069668 + .000295 = 3.069963. 

, Remark. It will be seen from the equation dy=^ — dx, that as the 

X 

number increases by equal constant increments, the logarithm will 
increase more and more slowly. So the assumption made in the last 
example is not strictly true, but for comparatively small changes in the 
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number, the results are sufficiently accurate for practical applications. 
The use of the Tabular Differences in tables of logarithms is based on 
this assumption. 

4. In the parabola y^ — 12x, find the point at which the ordinate 
and abscissa are increasing equally. Ans. The point (3.6). 

5. At what part of the quadrant does the arc increase twice as 
rapidly as its sine ? Ans, At 60°. 

6. The logarithmic sine of 30° 5' is 9.700062. What is the loga- 
rithmic sine of 30° 6' ? Ans, 9.700280. 

7. A boy is running on a horizontal plane directly towards the 
foot of a tower at the rate of 5 miles per hour. At what rate is he 
approaching the top when he is 60 feet from the base, the tower being 
80 feet high ? Ans, 3 miles per hour. 

8. A vessel is sailing northwest at the rate of 10 miles per hour. 
At what rate is she making north latitude ? 

Ans. 7.07 -f- miles per hour. 
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CHAPTER V. 

INTEGRATION. 

Art. 29. Definition. 

Integration is the operation of finding the function from which a 
given differential has been obtained. The result of the integration is 
called the integral of the differential. The symbol which indicates the 
operation of integration is 1 . Since differentiation and integration 
are inverse operations, the symbols d and I , as signs of operations, 
neutralize each other.* 

The process of integration is of a tentative nature, depending on 
a previous knowledge of differentiation; just as division in arithme- 
tic is a tentative process depending on a previous knowledge of 
multiplication. 

For example, d ipnf) == 4 a^dx ; 

therefore I 4ar'da5 = aj*. 



S' 



Art. 30. Fundamental Formulas. 

The fundamental formulas for integration are obtained directly 
from the formulas for differentiation. A function is the integral of 
a differential, if the function when differentiated produces the differ- 
ential. All integrations must ultimately be performed by the formulas 
of this article. When a differential is to be integrated, if it is not 
apparent on inspection what function when differentiated produces it, 

* The symbol J is derived from the initial of the word " summation." Leibnitz 
introduced the letter S to denote the operation, and this gradually became elon- 
gated into the symbol J. 

40 
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the differential must be transformed into some equivalent expression 
of known form, whose integral is given by one of the fundamental 
formulas. 



1. j (du -{-dv — dw) = u + v — w] 

2. jadv = av', 

3. jna7f^dv = av''\ 

J V 

5. j a'logadv = a'; 

7. I cosvdv = sinv'y 

8. j — sinvdi; = C08v; 

9. j sec^ vdv = tan v ; 

10. j — cosec^ vdv = cotv; 

11. i secvt3,nvdv= seev; 

12 . I — cosec V cot vdv^ cosec v ; 

13. J sinvdv = versv; 

14. j —cosvdv = covers v ; 

16. C^= = : 

J VI- 1)* 



VI- v* 



: arc sin v ; 



from 



Vl-v' 



= arccosw; 



I. 

II. 
VII. 
VIII. a. 
IX. a. 
IX. 6. 
XI. 
XII. 
XIII. 
XIV. 
XV. 
XVI. 
XVII. 
XVIII. 
XIX. 

XX. 



Digitized by 



Google 
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17. r-^^ = arctaiii;: from XXL 

18. r-_-^ = arccotv: " XXIL 
J 1 -hir 

19. r_^^=arc8ecv; « XXIIL 

20. C -^ — = arccoseci;; " XXIV. 

21. r_^^-_ = arc vers v; " XXV. 

-^ ■y/2v-v^ 

22. C -^ = 3X0 covers i;; " XXVI. 

•^ V2'y-v2 

Art. 31. Elementary Rules op Integration. 

The first four rules of integration will be demonstrated in full. 
(1) By L, d(u-{'V — w) = du + dv — dw', 

hence i d(U'{'V — w)= i (du -{-dv — dw), 

or u-{-v — w= I (du 4- d-u — dw). 

But u^v — w= I du-\- I dv— I dw; 

therefore J (du 4- dv — dw) = j du+ i dv— i dw. 

Hence, the integral of the algebraic sum of any number of differen- 
tials is equal to the algebraic sum of their integrals. 



(2) By II., 


d (av) = adv ; 


hence 


j d(av)= (adv, 


or 


av— j adv. 


But 


av = a( dv] 


therefore 


jadv = a(dv. 
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Hence, the integral of the product of a constant and a differential 
is equal to the product of the constant and the integral of the 
differential. 

(3) By VII., daV" = nav'"-Hv, 
Then I dav* =■ I nav*~Hv ; 

therefore j ?iav**~^dv = av". 

Hence, when a function consists of three factors, — viz. a constant 
factor, a variable factor with any constant exponent except —1, and a 
differential factor which is the differential of the variable without its 
exponent, — its integral is the product of the constant factor, by the 
variable factor with its exponent increased by 1, divided by the new 
exponent. 

(4) By VIII. a, da log v = a — • 
Then Jdalogv=J^; 

therefore I = a log v. 

Hence, the integral of a fraction whose numerator is the product 
of a constant by the differential of the denominator, is equal to the 
product of the constant by the Naperian logarithm of the denominator. 

Abt. 32. Constant of Integration. 

By III., it is seen that the differential of a constant is zero ; hence, 
constant terms disappear in differentiation. Therefore, in returning 
from the differential to the integral, some constant must be added, 
which is called the constant of integration. The value of this arbitrary 
constant is determined in each case after integration by the data of the 
given problem, as will be shown hereafter. So, for the present, the 
undetermined constant will be omitted, but its addition after each inte- 
gration will always be understood. Frequently, when a differential is 
integrated by different methods, the results may not appear to agree, 
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but on inspection it will always be found that the integrals differ only 
by some constant. 

PROBLEMS. 

Formulas 1-3. 

1. I aoi?dx. 

By Formula 3, making v = x, and n = 4, 

r aaj*daj = J r 4 aaj*cte = — . 

2. Cb (6 ax» + Sba?)i(2ax -h 4 &aj«) da?. 

d(6aa^ + 8 &B») = (12 oa; + 24 &aj^daj; 

hence, if (2cLx+Aba^dx be multiplied by 6, it will be the differential 
of (6aaj*-|-8 6aj')* without the parenthesis exponent. After dividing 
the constant factor by 6 to preserve the same value, the integration 
may be effected by Formula 3, in which t; = 6 oic* -h 8 ba?. 

Therefore Cb(6aa^ + 8 ba?)^ (2ax-\'4:bQ^dx 

= n(6aaj«-|-86aj»)*(12aa;-|-24W)daj 

l(6a^ + Sba^i 
= 5 g = ^(6ax« + 8ftaj»)». 

3 

4. J — |aj~*da?. Ana. ^x'^. 

5 . ■ (^ ax^ — f 6a;i) da?. Arts, ax^ — 6a;i 

6. f~ Ana. 2 VS. 
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9. r(6cc* + 2x*-6)(3a^-l)daj. Ans, lM-i!^^-6a;. 

10. r(3aiB2 + 46a^*(2aaj + 46a^(fo;. ^ns. -f (3 aa^ + 4 6aj8)i 






Formulas 4^. 



\ 13 r ^^dx 



6 + 2a:8 

s, 14. f-^L.. Ans, log(aj — a). 
J a; — a 

^ 16. r.£r^. ^«8. l-log(a+6af). 

J a + 6a!" rtb 

V 16. fl^. ^ns. log(«» + i)t. 

♦/ af+f 

1/ 17. fcioga;)''^. Ans. ^Qogx)*. 
J X 

^ 18. fl^!^. ^««. log(3a!« + 7)A. 
J3a!* + 7 

N 19. r^. .4«8. z-f + f-log(a,-l). 

l/ 20. Cba^'dx = — ^ fa^ . log a • 2 da = -^5^, by Formula 6. 

J 21ogaJ 21oga 

V 21. Csel'dx. Ans, 3e'. 
t 22. Chef^dx. Ans. -e«*. 
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Y 23. CSa'^xloga-dx. Ana. |a"*. 

f 24. C<eedx. Ana. "'^ 



1 + loga 
Formulas 7-14, 



25. I cos ma;c^. 

Jcosma;cto = — I cos mo; • d Tno; = — sin mo;, by Formula 7. 

26. Isiii' (2x) cos (2 a?) dx, 

fsin^ (2 a?) cos (2 a;) do? = | fsin* (2a;) cos (2aj) 2 da? 

= I fsin' (2 a;) d sin (2 a;) = J sin* (2 a;). 
N/ 27. I sec^ (a;^ a;'da?. Ana, ^tana?. 

\ 28. I 5 sec (3 a;) tan (3 a;) da;. Ana, | sec (3 a;), 

pin (3 g da; ^,w,. isecSx. 

■^ 30. re""sina!(te. ^na. — e~«. 

^ 3j m+co8x)(te, ^««. log[a; + sin4 

J a; + sina; 

32. j tan a; da;. Ana, log sec a;. ? 

33 . J sin sec* tf dA Ana, sec tf . 

34. I cot a; da;. Ana. log sin a?. 

36. C-^=C-^^ ^rii?^iM^ = logtani«. 

•/sina; J 2 sm ^ a; cos ^ a; »/ tan^a; 

36. r^=r_^ = logtan(| + A 
J cos a; J ^. fir , \ V 2 y 

smf- + a;j ^ '^ 
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37. 



/- — Ans. log tan a;, 

sm X cos X 



dx 
sin* ic cos* a? 



38. I . ^ ^'"^ ^ — Ans, tana? — cot a. 

J sir 



Formulas 14-22. 



39 

6 V 



r da 

/ dx __ r a _ 1 r a^^ ^ 1 



= - arc sin — • 
a 



In order to integrate the preceding differential by Formula 15, it 
must be transformed into an equivalent differential having unity for 
the first term under the radical sign, and having for its numerator the 
differential of the square root of the second term under the radical 
sign. 

40. f—^ 

•^ a; V6V - a* 

^ ^dx 
r dx _ r a _ 1 r a 

= - arc sec _ , by Formula 19. 
a a 

41. f ^ ^n5. ^ arc vers ^. 
J V2a6aj-6V & « 

42. r 2^^. ^115. arc sin (a?*). 

43. r J.n«. arc cos (2 Vaj). 

•>^ Va; — 4a? 

44. f.^^. ^ws. 4arctan(a^. 
Jl + iC* 

45. J 8a;"^da; ^ ^^^ 4V6arc vers(6aj*). 

V2a?*-6aj* 
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46. C-1^. ^n«. arc cot 5. 

J 4-f ar* 2 

^^- /23St^" ^^"^' arctan(a.-l). 

48. f ^^ ^n«. 4 arc sec -^. 

49. f ^^ ^n«. ^^arccovers^. 

50. r ^ ^ = r ,^ ^^ =Aarctan(x+i)A. 
Jl+aj + a:* Ji + (x + iy V3 V3 

Art. 33. Integration of Trigonometric Differentials. 

Trigonometric differentials^ to which the previous formulas cannot 
be made applicable by algebraic reductions, may often be brought 
to known forms by trigonometric reductions. 

Every function may be differentiated by a general method, but 
there is no general method of integration. Thus, while every function 
may be differentiated, but a limited number of differentials can be 
integrated. In attempting to integrate any given differential, the 
object is always to transform it to a fundamental form whose integral 
is known. 

Hence, the processes of the Integral Calculus are transformations 
to effect reductions to fundamental formulas. In order to become pro- 
ficient in these operations, it is necessary to have much practice in the 
solution of problems. 

PROBLEMS. 

1. I cos^xdx, 

(cos^xdx= I (^-\-\cos2x)dx = ^x-\- \8m2x, 

2. Csin^xdx, Ans. ^x — \&m2x. 

3. (tBXi^xdx, 

Ctaji^xdx= I (sec* a; — 1) tanajcfcc = ^tan'x — logseco;. 
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4. jtan'ada;. Ans. tana; — a;. 

5. |tan*a;daj. Ans, ^tan'a: — tana-j-a. 

6. j toxL^xdx, Arts, \ tannic — ^tan** -f- log secaj. 

7. |sm*a;cto. 

Jsin*a5(foj= I (1— cos* «)* sin ajda;= I (— l-f-2cos*a? — cos*aj)dcosa; 

= -cosa?-|-|cos»aj-525!f. 
5 

8 . I cos* a; cte. -4n«. sin a; — ^ sin' x. 

9. I cos'^ajcte. Ans. sina; — sin'a? + f sin*a; — if^sin^aj. 

10. I cot* a?cte. Ans, — \ cof a; -|- cot « -f- a5. 

11. rcos*a;da;= C{\'\-^iio^2xydx=^\x-\-\^m2x + \CGO^^(^x)d(^x) 

= :^a; + |sin2 a; -f- 1 [a? + isin4aj] = |a; -f- ^ sin2aj -|- i^sin^aj. 

Art. 34. Definite Integrals. 

It was shown in Art. 32, that an arbitrary constant must be added 
after each integration. Before the value of this constant is determined, 
the integral is said to be indefinite. 

If, from the data of the given problem, the value of the integral is 
known for some particular value of the variable, the constant can be 
determined by substituting this value of the variable in the indefinite 
integral. 

For example, let 

— =igt-{-v\voL which g and v^ are constants. 
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60 DIFFERENTIAL AND INTEGRAL CALCULUa 

By integrating and adding the constant C, 

Now if S=:S' when t = 0,C will be equal to ;S", 
and S^^gt^-hv't-^S'. 

If, in any indefinite integral, two different values of the variable be 
substituted for the variable, and the result given by the second substi- 
tution be subtracted from the first result, the constant of integration is , 
eliminated, and the integral is said to be taken between limits. 

The definite integral of f'(x)dx between the limits a and b is indi- 
cated thus : 

"yxx)dx, (1) 



p 



in which a is the superior limit and b the inferior limit of integration. 
In (1), f'(x) dx is first to be integrated, then a and b are to be succes- 
sively substituted for x, and the second result is to be subtracted from 
the first. 

It is assumed that the integral is continuous between the limits a 
and b, A function is said to be continuous between two values of the 
variable when it has a single finite value for every value of the varia- 
ble between the given values, and changes gradually as the variable 
passes from the first value to the second. Evidently, the value of the 
integral up to the superior limit includes the value of the integral at 
the inferior limit. Hence, the difference between the values of the 
integral at two limits will be the value of the integral between those 
limits. 

Assuming that the inferior limit is equal to b, and writing the inte- 
gral in the two different ways j 

fr(x)dx=f(x)-^C, (2) 

and f/(x)dx=f(x)-[f(x)], (3) 

If these two forms are taken to represent the same quantity, 

f(x) + C^f(x) - [/(a;)],; whence C= [/(x)],. (4) 
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Thus it will be seen that the upper limit is any final value of the 
increasing variable x, and that the lower limit may be assigned without 
defining the upper limit. Equation (4) shows that the constant C de- 
pends on the lower limit. Therefore, the integral in equation (2) is 
indefinite because a free choice is left with regard to the selection of 
both limits. The part fix) depends on the value of x selected for the 
superior limit, and the part C depends on the value taken for the infe- 
rior limit. 

Art. 35. Geometric Illustration op Definite Integration. 



The problem of finding the areas of plane curves was one of those 
that gave rise to the Integral Calculus, and this problem furnishes an 
illustration of the preceding article. 

In Fig. 7, let MN represent any plane curve ; it is required to find 
the area included between the curve, the X-axis and two ordinates. 

Let (Xy y) be the coordinates of the point P. If R8 = Aa? be added 
to Xj SQ = 2/ + ^.V- QC and PD are drawn parallel to the X-axis. 

If A represents the area of the curve between two ordinates and the 
X-axis, AA = area EPQS. 
Y 




Fig. 7. 



Then 



RCQS ^CR^ y-hAy ^^ Ay 
BPDS PR y y' 



Now, as Aaj approaches zero, Ay al^o approaches zero j 



and 



BPDS 
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62 DIFFERENTIAL AND INTEGRAL CALCULUS. 

But the area RPQS is intermediate between area BCQS and area 
RPDS; hence 

RPDS ' 
or limit -^^ = 1, 

dA __ ^ , 

therefore . dA=ydXy 

and ^=ry^ + C'. (1) 

If the area between the ordinates NW and ML is required, the 
superior limit will be the abscissa TF, and the inferior limit will be 
the abscissa OL, If these limits are respectively a and 6, the area will 
be denoted by 

A^£ydx. (2) 

Let the particular curve whose area is required be the common 
parabola, then y = V2pa;. Substituting this value of y in (1), gives 

A =CV2pxdx + C = V2p faji'daj +C = i V2p:^i + a 

If the area is estimated from the origin, when x = Oy A = 0; hence, 
by the first method of Art. 34, C = 0, and, therefore, A = ^V2pxi. 

If the area is required between two ordinates whose abscissas are a 
and 6, by the second method of Art. 34, 

fJV2^dx = [I V2^xi']l = |V2^ [at - 6?]. 

Art. 36. Change op Limits. 
Let Cf{x)dx^f{x)\ 

then JJf'(x)dx =f(a) -f(b) 

= -[/(&)-/(«)] 
= -£f\x)dx. 
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INTEGRATION. 63 

Hence, the limits of integration may be interchanged by changing the 
sign of the integral. 

It may also be readily shown that 

J^V'(aj) ^ = J^V' («) ^ +jrV' («) ^- 

If a new variable be substituted for the old variable in integration 
between limits, corresponding changes must be made in the limits of 
integration. 

For example, I ofdx is required. 

Suppose x = z^\ then when a; = 4, 2 = ± 2, 
and when x = l, 2 = ± 1. 

n + 1 



PROBLEMS. 

1. Find the particular integral of dy=(ix^—b'^x)dx, if y=0 when x=z2. 

Ans, y = |-^ + 262-4. 

2. Find the particular integral of du= (l+^axydx, if w=0 when x=0. 

4. 2r"(2-4c)dc = 0.64. 8. f^5iB^ = V2-l. 

Jo ^ ^ Jo cOS^tf 

5. Cex'dx^SS, 9. p:i!^dic = 4r. 

J2 •^ VS 



Jo a^ + XT 2 a Jo Vr^ — or* 






f^^ log2. 11 r%in»a:cos«a^^ = ^. 

J2 l + aj2 2 Jo ^ 
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64 DIFFERENTIAL AND INTEGRAL CALCULUS. 

12. In I , assume « = -• Ans, f. 

13. In ( sin a; cos' a; da;, assume sina; = 2. .^iw. ^. 

/•I xdx 

14. In I assume y — 1—7?. Am. ± 1. 

15. Find the area of the curve y=sa^-\'6Xf between the abscissas 

x = 6 and a? = 0. Ans. 180. 

Note. Applications of the IntegnJ Calcnlns in rectifying corves, determining 
areas, volumes, centre of mass, and moment of inertia, will be found in Chapters 
XIX., XX. and XXL 
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CHAPTER VI. 
SnCCSSSIV£ DIFFBRSNTUTION AND INTS6RATI0N. 

Art. 37. Suggbssiyb Debivatiyes. 

As the derivative of a function is, in general, a new function of 
the independent variable, it can be differentiated. The derivative of 
the first derivative is called the second derivative. Likewise, when the 
second derivative is a function of the independent variable, it may 
also be differentiated, giving the third derivative; and so on. 

For example, if y = aa^) 

dx 



dx\dxj 

r±fdy\l. 
e[dx\dxj] 



12aa!«, 



The symbols for the successive derivatives are usually abbreviated 
as follows : 

dx\dxj ds^ 

dx[dx\dxjj dx\dx^j dx^^ 

d /d»-\?A ^ d"y 
dx\dx''-^) dar' 

The successive derivatives are often called successive differential 
coeflBlcients. As the first derivative is often denoted by /'(a;), the suc- 
cessive derivatives are often denoted by /"(a?), /'"(a;), etc. 

56 
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66 DIFFERENTIAL AND INTEGRAL CALCULUS. 

If differentials are employed, successive differentials will follow 
instead of successive derivatives. The differential obtained immedi- 
ately from the given function is the first differential ; the differential 
of the first differential is the second differential ; and so on. If the 
function be represented by y, the successive differentials will be 
denoted by dy, dPy, d^y, etc. 

In successive differentiation it is customary to make the assumption 
that the differential of the independent variable is constant ; i.e. the 
independent variable increases by equal increments, and hence is 
called an equicrescent variable. The independent variable will always 
be understood to be equicrescent unless the contrary is explicitly 
stated. 

Art. 38. Successive Integration. 

Two, three or n integrations must be performed in order to obtain 
the original function from which a second, third, or, in general, an nth 
derivative was derived. 

For example, if ^ = ^^ «^- (1) 

Integrating (1), ^ = 12 ooj*. (2) 

Integrating (2), ^ = iaa?. (3) 

dx 

Integrating (3), y = a^, (4) 

But an arbitrary constant should be added after each integration, 
as a constant term may have disappeared at each differentiation. 

Then, in general, let — ^=/(a;); and denote the successive inte- 

grals of the function by /i(a?), /2(a;), fs(x), etc., and the constants of 
integration by Ci, C^j C3, etc. 

Given S=-^^''^' 

then ^V^/,(a,)4-Q, 
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^,=f,k^) + 0,x + C^, 




^,=f^^) + C,^+C^ + G„ 




and finally, 




y-/-W 1 S.2.3...(n-1) ' ^'1.2.3...(«- 


-2) 


PROBLEM8. 




1, y =oa!». 2. y =tana;. 




dx dx 





+ c». 



g = «(n-l)aaf-»; g=28ec'!r.tana;; 

^ = n(n-l)(n-2)aa!»-»; ^s^ 

da? ^ ^^ ' ' Q = 6sec«a!-4sec»a;; 

dar 

•a • ••• 

— ^ = |n.a. ^ = 8tana;sec*a;(3sec'aj— 1). 

3. y = aiB' + &aj«. ^=0. 

dor 

4. y = log(x + l). g = _6(a; + l)-<. 

aar 

5. y = a\ f^ = a'(loga)*. 

oaf* 

6. 2^ = 6aJ*-4aj»-6a?. S = l^- 

7 tf- 1 d»y^ 24a;(l-a!^ 

9. z/ = tan2a; + 81ogcosaj + 3a?^. ^ = 6tan*a. 
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58 DIFFERENTIAL AND INTEGRAL CALCULUS. 



10. y = aje". 



S=(. + n)e-. 



daf 



11. y = €■"*■ 'cos (a: sin a). -^ =e*~**co8(a;sina + a); 

dx 

dar 2 

14. ^ = Bina?cos«a;. y = 51^+ C'iBiiia:+ Cj, 
ciar o 

Let smx = z: then — | = 2. 
dr 

15. ^ = cosaj. y = co8aj+C'i^ + C7,~ + C':»aj+C'4. 



r'('-^>'=»- "--^ 



Jydx 



16. I ( 1 - ^fi__±2 ](iy = 0. 17. ^ = .6369 a, when y = a sina;. 

"'da; 



18. Find value of t from a ^ = 6 (c — a;). 

dr 



Integrating once gives 



a^ = 6(2c.-«^; 



hence dt '"" 



-x/l 



^y/2cx-a^ 



Therefore t = \/^ arc vers - • 

^ ft c 



19. In the harmonic curve whose equation is ^ = r, sinmZ + r2 cosmZ, 

fph 
find — ^ ; Vi, rj and m being constants. ^. 

di* 
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APPLICATIONS IS MECHANICS. 
Art. 39. Velocity and Acceleration of Motion. 

The mean velocity of a moving body for a certain period, is equal to 
the distance passed over expressed in some unit of length, divided by 
the length of the period expressed in some unit of time. The velocity 
is uniform if equal distances are traversed in equal times; and the 
velocity is variable if unequal distances are traversed in equal times. 

Let s = distance, v = velocity, and t = time. 

And let A« denote the increment of distance passed over by the 
body in the increment of time Af, while the velocity has increased to 
v-{- Av. 

The distance actually passed over, if the velocity is variable, lies 
between the distances it would have passed over if its velocities at the 
beginning and end of the period had been uniform ; hence 

i; A« < As < (v + Av) At, 

As 

and v< — Kiv-^- Ar). 

At 

Now, as At approaches zero, Av approaches zero, (v + Av) approaches 

V, and — approaches — ; and as the middle term is intermediate be- 
At dt 

tween the first and third terms, at the limit 

S-.. (1) 

The acceleration at any instant is the rate at which the velocity is 
changing at that instant, and since the derivative of a function meas- 
ures the rate at which its value is changing, if the acceleration is 
denoted by a, 

| = «, (2) 

a = |(|) = g. <3, 

Equations (1), (2) and (3) are fundamental formulas. 
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60 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Art. 40. Uniformly Accelerated Motion. 

Motion IS uniformly accelerated when the acceleration is constant. 
Denoting the acceleration, which may be positive or negative, hyg] 
then from (3), Art. 39, 

therefore ^ = ^« + Ci. (4) 

at 

Cds= Cgtdt + Cidt; 

therefore s = ^gfi + Cit-\- d. (5) 

If, in (4), zero be substituted for t, Ci will be equal to f — ) ; or 

\dtJt=o 

Cj will be the velocity at the beginning of the period, which may be 
represented by % 

If, in (5), zero be substituted for t, Ci will be equal to the left 
member ; or Cj will be the distance already passed over at the begin- 
ning of the period, which may be denoted by Sq, 

Making these substitutions in (4) and (5), 

v = gt -^Voy (6) 

and « = isr«*H-Vo« + ab. (7) 

PROBLEMS. 

1. If a body is dropped, what distance will it fall in 6 seconds, and 
what will be its velocity at the end of the fifth second, the acceleration 
of gravity being 32.2 feet per second ? 

In (6) and (7), Vq = and Sq = ; hence 

v = gt, 
and 8 = ^gt\ 

Substituting the values of g and t, gives 

V = 161 feet per second, and s = 402.6 feet. 

2. If a body is projected vertically upwards, to what height will it 
rise, and what will be the time of ascent ? 
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In this case, the acceleration is negative, and 5o = ; hence equa- 
tions (6) and (7) become 

v = -gt'\-Vf^ (8) 

and 8=z-^igt'^ + v^. (9) 

When the body attains its greatest altitude, its velocity becomes 
zero. Therefore, if v = in (8), 

« = -^ (10) 

9 

which is the time during which the body rises. 

Substituting t ^— in (9), gives 
9 

which is the height to which the body will rise. 

3. A man is ascending in a balloon with a uniform velocity of 20 
feet per second, when he drops a stone which reaches the ground in 
4 seconds ; find the height of the balloon. Ans, 176 feet. 

4. A body is projected upwards with a velocity of 80 feet per 
second ; in what time will it return to the place of starting ? 

Ans. 5 seconds. 

5. Two balls are dropped from a balloon, one of them 3 seconds 
before the other ; how far will they be apart 5 seconds after the first 
one was dropped ? Ans. 336 feet. 

6. A body when first observed was falling at the rate of 40 feet per 
second, and struck the earth in 5 seconds ; required the entire distance 
that the body fell. 



Art. 41. Derivatives op the Product op Two Functions. 

Let y = uVf (1) 

u and V being functions of a;; then, by IV., 

dy du , dv /o\ 

dx dx dx 
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62 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Differentiating (2) with respect to x, gives 

c^if cPu , dr da , du dv , (Pv 
dx^ dx^ dx dx dx dx dx^ 



da^ dx dx da^ 



Similarly, 



cPy d^u , dv d*w , o di^ d*w , o d^ dw , d^u du , cPv 

da^ da^ dx dx? dx d/s? dx? dx dx? dx dx? 

— cfii^ , pdv d^u , Q d^ du d^ 

dx^ dx dx? dx? dx dx? 



By proceeding as above, the fourth derivative, and other successive 
derivatives, may be obtained, and it will be seen that the same law of 
the terms applies, the numerical coefficients being those of the Bino- 
mial Theorem ; giving the general form, 

d*!/ d"% , dv d'^'^u , 71 (n — 1) (Pv d'^'^u , 
daf dxf" dxdxf-' 1-2 da? dxf'-^ 

, d""^v du , d^v /^ V 

H-n u. (1) 

dx- 'dx dxr ^ ^ 

This is known as Leibnitz's Formula. 



That (1) is true for any nth derivative may be readily proved by mathematical 
induction. 

Differentiating (1), and arranging the terms, gives 

dx«+i~ dx»+» ^ ^ dxdx^ 1.2 dx2da;»-i 

^^n-^Dp^ + ^u. (2) 

dx»dx da;»»+i 

If the law of the terms expressed by (1) is true for n, it then appears from (2) 
that the formula is true when n is changed into n + 1. But (1) has been shown to 
be true when n is 1, 2 or 3, then the formula must be true when n is 4, 5, 6, or any 
positive integer. 
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PROBLEMS. 

Find the derivatives in the following examples, by the aid of 
Leibnitz's Theorem : 



1. , = «^logx. S=^^^- 

oar X 



2. y = €l^z. 









3. y = a^^a*. ^^^' (^^^ ^)''"* f (^ ^^^ a + nf-n']. 
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CHAPTER VII. 

FUNCTIONS OF TWO OR MORE VARIABLES. IMPLICIT FUNCTIONS. 
CHANGE OF THE INDEPENDENT VARIABLE. 

Art. 42. Partial Differentiation. 

If 2 be a function of two independent variables x and y, it may be 

expressed thus : 

z=f(x,y). (1) 

In (1), z may be changed by changing either x or y. 
For example, in the equation of a plane, 

2 = aa; H- fry + c, (2) 

a: and y are two independent variables, of which 2 is a function. In 
(2) a value may be given to either coordinate x or y without any refer- 
ence to the other ; so if either x or y receives an increment, z will take 
a corresponding increment. Then z may be differentiated with respect 
to X and y separately. 

If (2) be differentiated, supposing x to vary and y to remain con- 
stant, the derivative is written 

!=•• <') 

If (2) be differentiated, supposing y to vary and x to remain con- 
stant, the derivative is written 

I-'- <^> 

These derivatives are called partial derivatives. 
According to the differential notation, equations (3) and (4) may be 
transformed into 

-^dx = a dx, and —dy = bdy. 
ax ay 

and these expressions are called partial differentials. 

64 
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Therefore, a partial differential of a function of several variables is 
a differential obtained on the hypothesis that only one of the variables 
changes. 

A total differential of a function of several variables is a differential 
obtained on the hypothesis that all of the variables change. 

To distinguish between the partial differentials of a function, the 

following notation is adopted : — Ao? and — Ay will represent partial 

dz dz ^^ ^2/ 

increments, and -r-dx and -r-dy partial differentials of z, with respect 
ox oy 

to X and y, respectively. 

D^ and ( — ] have been used to represent total derivatives of z with respect 
\dxj 
to X. 

The general equation of a surface as given in Analytical Geometry 
of three dimensions is 

in which x and y are independent variables. 

If the surface be cut by a plane parallel to the XZ plane, the equa- 
tion of the curve of intersection will contain the variables x and z only, 

dz 
and the slope of the curve will be expressed by --• 

ox 

Likewise, the section of the surface parallel to the TZ plane will 

dz 
contain the variables y and z only, and its slope will be -— 

Art. 43. Total Differential of a Function of Two 
OR More Independent Variables. 

Let z =/(«, y). 

Let X and y be given successive increments Aa; and Ay, and repre- 
sent the corresponding total increment of the function by Aa;. 

Let 2'=/(aj4-Aa;, y); 

then -^ Ao; =/(» + Aa, y) -f{x, y), (1) 

Ao; 

^ A2^ =/(« + AflJ, 2/ -h Ay) -f{x + Aa;, y), (2) 

Ay 
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66 DIFFERENTIAL AND INTEGRAL CALCULUS. 

and A2;=/(«H-Aa?, 3^ + A2/)-/(», y). ' (3) 

Adding (1) and (2), and placing the first member of the resultant 
equation equal to the first member of (3), gives 

A«=^Aaj-f^Ay. (4) 

Now, if Ao; and Ay approach zero, limit Aa' = limit As, 

therefore, dz = -—dX'\- -r-dy, 

dx ay 

Hence, the total differential of a function of two variables is equal 
to. the sum of its partial differentials. 

Similarly, the total differential of a function of any number of 
independent variables may be found to be equal to the sum of its 
partial differentials. 

PROBLEMS. 
1.2 = oary. 

ydx==Sa!'a^fdx', pdy=z2aoi^dy. 

therefore dz = 3 asc^T^dx + 2 as^y dy ; 

2. z^af. dz^yaf'^dx-i-Qiflogxdy, 

3. z = arctati?^. dz = ^fcli^. 

X or -{- y^ 

4. « = sin (xy), dz = cos (xy) [^ydx-^- xdy^* 

5.2 = «■*"*. dz = j/^' logycosxdx -\ 515l5__ (^« 

2/ covers a? 

6. w = aj»". du= Qif'~^(yz dx + zx log xdy-^-xy log x dz). 



Art. 44. Total Derivative op u with respect to x when 

^ =/(a?> Vf 2^)) y=<l> (^)) and z = </»i(aj). 

By Art. 43, 

dit = ^cfa: + ^dy + ^d2; 
ax dy dz 

therefore ^ = ^ _l ^ ^ 4. ^ ^. /1 \ 

dx dx dy dx dz dx ^ 



Digitized by 



Google 



FUNCTIONS OF TWO OR MORE VARIABLES. 67 

CoB: 1. If M =/(«, y), and y = <l> (x), 

dx ay *' 

therefore ^=.^ + ^^. (2) 

dx ax ay dx ^ ^ 

Cob. 2. If u=f(tf, «), y = </»(«), and 2;=<^(aj), 

dy 52 

therefore = ^ + . (3) 

dx ay dx az dx 

Cor. 3. If u^f(y), and y=<l>(x), 

du = ^dy', 
dy 

therefore ?^ = ?^?^' (4) 

dx dy dx 

In the proposition, w is directly a function of x and also indirectly 
a function of x through y and z. 

In Cor. 1, u is directly a function of x and indirectly a function of 
X through y. 

In Cor. 2, w is indirectly a function of x through y and z. 

In Cor. 3, u is indirectly a function of a; through y. 



PROBLEMS. 

1. tt = 6*"(y — 2), 2/ = a sina, and z = cos ». 

f7w__5tt,3wd|^,3i^ dz^ 
dx dx dy dx dz dx 

-2 = acosa, -2 = — sinaj; 
dx dx 
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therefore — = ac** (y — 2) -h a€~ cos a; + e" sin x 

dx 

= €l^(a^ sin a? — a cos a; + a cos as + sina?) 
= €*" (a* + 1) sin X, 

2. w=arctan(a^), and y = e* J^=— L_±-5i. 

ClX X -y- Xr€ 

3. w = y2;, 2/ = 6*, and 2;=aj*-4ar'+12aj*-24aj+24. ^* = e'a^. 



4. it = log (r* — y*), and y = rsin^. -— = — 2tan^. 



dx 

du 
dS' 



6.2^ = — is. — 5/ V = a sinaj, and z = cosaj. — = e^ sin x. 

Art. 45. Successive Partial Derivatives op Two or More 

Variables. 

If u=f(x, y), then -^ and -^ are, in general, functions of both x 
ox ay 

and y, and may be differentiated with respect to either independent 
variable, giving second particd derivatives. 

The partial derivative of -^ with respect to a? is — ( -^ ) = — -. 

dx 0X\oxJ dor 

The partial derivative of -^ with respect to y is --( -^ ) = -^' 

dy dy\dyj dy^ 

The partial derivative of -^ with respect to y is -— f ~ ) = -r— ^* 

aaj oy\dxJ oydx 

The partial derivative of -^ with respect to a? is -r-f -r^ 1 = ^ ^ » 

dy dx\dyj ax ay 

Likewise, -r-rr- is a ^Afrd partial derivative, obtained by three suc- 
ay^dx 

cessive differentiations ; first, with respect to x regarding y as constant, 
and then twice with respect to y regarding x as constant. 

dy\dxdyj dydxdy dx\dxdy^J dx^dy^ 
and similarly with all other partial derivatives. 
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Art. 46. If u =/(«, y), to prove that — ^ = . 

ay ax ax dy 

On the supposition that x alone changes in /(a, y), 

^u ^ f(x + ^x, y) ^f(x, y) ,.. 

Ax Hx ^ ^ 

Now, supposing y alone to change in (1), 

A /Au\ /(x+Aa?, y^Ay)-f(x, y-hAy)-/(a?+Ax, y)-{-f(x, y) .^. 
Ay\Auj Ay - Ax 

On the supposition that y alone changes in /(«, y), 

Au^ /(a?, y + Ay) -/(a;, y) ,on 

Ay Ay ^ ^ 

Now, supposing a? alone to change in (3), 

A /Au\ /(a?+Aa;, y4-Ay)--/(a;+Aa?, y)-f{x, y-^Ay)+f(x, y) ,^. 
Ax\AyJ Ax • Ay 

E,».i.,(2)a«d(4), A(^).A(4S). 

Hence at the limits, ^(^\^±(^\ 
ay\axj dx\dyj 

In the same manner it may be proved that 
B^u d^u a*M 



da^ dy dy dx^ dx By dx 

This principle may be extended to any number of differentiations, 
and to functions of three or more variables. 

Art. 47. Implicit Functions. 

When in /(«, y) = 0, y can be expressed as an explicit function of x, 
the derivatives may be found by the methods already given. In this 
article a useful formula is established for obtaining the first derivative 
of an implicit function. 

Let t^=/(,r, y) = 0. (1) 

Then by Art. 44, Cor. 1, 

dtt __ 6tt , 3w dy /o\ 

dx dx dy dx 
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70 DIFFERENTIAL AND INTEGRAL CALCULUS. 

But u^O, and therefore its total derivative equals ; hence 

p + pf = 0. (3) 

OX ay dx ^ 

du 
Solving (3) for |, gives | = -|. (4) 

dy 
For example take aj* + 2yx H- r^ = 0. 
Then w = aj« + 2ya; + r'. 

^=.2x^2y, p^2x. 
dx dy 

Therefore by (4), ^^^^±^^^^±1. 
^ ^ ^' dx 2x X 

However, when an implicit relation between x and y is given from 
which y cannot readily be expressed as an explicit function of x, it is 
not necessary to resort to the method just given. But /(a?, y) = may 
be immediately differentiated with respect to x, treating y as a function 

of X, giving what is called the first derived equation, from which -~^ 

can be obtained as a function of x and y. For instance, given : 

a?* — 3 axy + ^ = 0. 

The first derived equation will be 

Sx'-^Say-Sax^-j-Sf-^^O. (1) 

dx dx ^ "^ 

Solving (1) for ^, ^ = ^zif^ 

^ dx ^^ «o. --r 



1. tt = cos(aj + 2/); 
3. ii = arctan[^ j; 



dx 


ax — ^ 






PROBLEMS. 








verify 


3hi 
dydx 


d*u 
dxdy 




verify 


Shi 
dxdy 


dhi 
dydx 




verify 


3>u 


d^ 
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^ = 12 (e'y -j-^z-^- e'x). 



6. w = sin (oaf + br/^) ; verify 



doff^dydz 



da?dy^ di^dot^ 



6. f-2mxy + x'-a = 0. ^ = Mzi^, and ^ = ^K-^) . 

dx y — mx dar (j/'-mxy 

7. 2/3__3y^a.^o. ^ = 



d» 3(1-2/0 









Art. 48. Integration of Functions of Two or More Variables. 

Since integration is the inverse of differentiation, a partial deriva- 
tive is integrated by reversing the process of differentiation. 

For example, the integral of -— =f(x, y) is found by integrating 

twice with respect to x, regarding y as constant ; but as y is regarded 
as a constant in this integration, it must be noticed that the constant 
of integration is an arbitrary function of y. 

Again, let it be required to integrate -— — =/(a;, y), 

dyax 

This may be expressed 

Evidently, in the second differentiation, -^ was differentiated with 

ox 



reference to y regarding x as constant ; therefore 

g=//(*,y)%. (2) 

In (2), u is evidently such a function that its derivative with 
respect to a; is j /(«, y)dy', 
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72 DIFFERENTIAL AND INTEGRAL CALCULUS. 

therefore, ^ ~ I ( -^ (^> 2/) ^^ ^^> 

or w = fjfi^f y) dydx. 

In Art. 46, it was proved that the values of the partial derivatives 
are independent of the order in which the variables are supposed to 
change, hence the order of integration is also immaterial. 



then u = f f ff{^9 y) dydxdy-j 

then u= j j I i f(xy y, z)da^dydz. 



PROBLEMS. 



'■ fP^"^-'-i' '- IXr^'^'^^'^^i 



2 



Art. 49. Integration of Total Differentials of the First 

Order. 

If w be a function of x and y, by Art. 43, 

A.dfro»A,t46, f^(g)=|(|) (2) 

Therefore, if a total differential of a function of x and y is given of 

the form 

du = Pdx + Qdy, (3) 

then P=|^, and Q=^^, 

ax oy 

Hence from (2) ^ = ^' W 
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CHANGE OF THE INDEPENDENT VARIABLE. 73 

which is the condition that must be satisfied to make (3) an exact 
differential. This condition is called Euler's Criterion of Integrability. 
When (4) is satisfied, (3) is an. exact differential of a function of x 
and y. Then the function u is obtained by integrating either term of 
(3); thus 

u^jPd^-^-fy). (5) 

In (6), the integration is with respect to a?, hence the constant of 
integration is an arbitrary function of the variable which is treated as 

a constant; and/(y) must be determined so as to make ~ = Q. 

dy 

For example, let dw = 2 xtfdx -f 3 o^'dy. 
Here P=2a^, and Q = 3iBy. 

Hence, ^:=.6xy'j and ^ = 6ajy». 

oy ox 

Therefore (4) is satisfied, and (5) gives 

u = J2 xi^dx = ajy +/(y) = ajy + c 

PROBLEMS. 

1. du^ydx-^-xdy. u^^ocy-^-c 

2. du^4:Q?^dX'{-3a^dy, w = a?V-fc. 



3. d« = | + (2y-*)d3,. 






Abt. 50. Ghanob of the Independent Yasiable. 

Hitherto, the derivatives -^, -^ etc., have been obtained on the 

supposition that x was the independent variable and y the function, 
but it is sometimes advantageous to change the function into another 
one in which y is made the independent variable and x the function. 
And occasionally it is desirable to make a new variable, of which both 
X and y are functions, the independent variable. 
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(a) To express -^ in terms of -?• 
^ ^ dx dy 

If ^ is a function of x, then x may be regarded as a function of y, 
and y may be treated as the independent variable. Evidently 

Aa; Ay 
and as ^y approaches zero, Aa; approaches zero^ and at the limits 

^x— =1- 
dx dy ^ 

therefore dx dx . (1) 

dy 



(b) To express — ^ in terms of -? and --5, also to express ^ in 



da^ 

, ^ dx d^x ^^j. d^x 

terms of —, —z, and -— • 

dy df df 



dy dy^ 



da? 





(fV_ d/ 
dx» Ctrl, 


dx) 




dh) _ d 
From (1), cto* dx 


1 

dx 
dyi 


■ 


By Art 44, Cor. 3, 




(to 


1 

dx 

[dy] 


d 
-dy 


1 

dx 
[dy 


dy. 


d*y d 
refore ^jJ efy 


1 

dx 
idyl 


dy 
dx 


= - 


d^i 

dy 

(dx 


» dy 

•\* ' dx 

J 


= - 


d?x 
df 



(2) 
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75 



SimUarly, 



dx' dx 


- d*x 1 
df 

.(1)1 


d 

dy 


■ d^x ' 
dy' 

m 



\dy) df [dyJWJ 



dy 
dx 



dy 
dx 



. (: 



'dx\^_of^y 

dyjdf WJ 



fdx 

W 



dxV 

dy) 



(3) 



In equations (1)^ (2) and (3); the independent variable is changed 
from a; to y. 

(c) To express -^, --4, etc., in terms of -^, --^ etc., when x is 
^ ^ dx daf ^^ '^'^ 



dz dsS^ 



some given function of z. 
By Art. 44, Cor. 3, 

dy _dy dz^ 
dx dz dx^ 



therefore 



and 



cfy __ d^ f^y\ — A. f^y\— . 

da? dx\dx) dz\dxjdx^ 

cPy__d fd?y\dz 
da? dz\da?)dx 



(4) 

(6) 
(6) 



In equations (4), (5) and (6), the independent variable is changed 
from a; to 2P. 

PROBLEMS. 

1. Change the independent variable from x to ^ in 



da? \dx) dx 



Substituting the values of ^\ and -^ from (1) and (2), 

da? dx 
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v:}7^j^^r^z^ ^ri/ zyrh-^iL^i, l^::- 






'^ 'i-*'^;«f X ' ; — 1 ^ *" =: ('. 

</" -7, 






^KMU •. - */A;?J^ 



\'>-i^i„ 


dy ^df 4z ^ 






' ^ — ninZf hf^ift^ — = - 
iiz dx 


1 
sinz 


fMl4 


'^y:^^J.'!L 

'Ix niu z dz 




f'y <r>), 


iPy_ d (dydz, 
djf'^ dzKflxj^lx' 

dz^dx) dz\ HinzdzJ 

^^OAmz (Iji 1 dhf 





(7) 



Hin^zdz Hin zdz^ 

dx^ \Hhi^ z dz sin z dz^J sin z 

^ _ /coH «^ dy _ _1_ d^\ 

VHin''«tZ«; sin^ zdzy ^ ^ 

HiilmtltiitliiK Urn valuoN of ^'^^ and ^ from (7) and (8) in the given 

I. (IX (iiXf 
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3. Given y =/(«), and x = F{t), to express -^, and -^ in terms of 

d« d<» dt dp 

By Art. 44, Cor. 3, ^ = ^^ (1) 



dy _ 
dt' 


dy dx 
"^ dxdt 




dy 


dy 
dx' 


dt 
~dx 




dt 



H«^^« ± = T.' (2) 



Differentiating (1), and treating -^ as a function of t through x, gives 

dx 

d^y _,d^y do? . dy d^x 
de^'da^de dxdt^' 

^_^dy^x dhf dx __ d^x dy 
„' d^y df dx df dt* dt df dt 

<ft» d^ 
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CHAPTER VIII. 

DBVELOPMENT OF FUNCTIONS. 
Abt. 61. Definition. 

A Function is said to be developed when it is transformed into an 
equivalent series. 

By the Binomial Theorem, constant powers of a binomial can be 
developed into series. For example, 

Some fractional functions may be developed by actual division. 
For example. 



l~3aj 



The Calculus method of development is a general method, including 
the developments just given and many others as special cases. 

This is one of the most important applications of successive deriva- 
tives. 

Abt. 52. Maclaubin's Theobem. 

Maclaurin's Theorem is a theorem by which a function of a single 
variable may be developed into a series of terms arranged according 
to the ascending integral powers of that variable, with constant co- 
efficients. 

The function to be developed is 

Assume the development of the form 

y =f(x) := A + Bx -{- Cx" + Da^ + Ex!^"' (1) 

78 
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DEVELOPMENT OF FUNCTIONS. 79 

in which -4, B, C, D, etc., are constants to be found by the method of 
Undetermined Coefficients. 

Forming the successive derivatives of (1) : 

^=5-f2Caj-f 3i>aj2H- 4^aj8+... (2) 

dx 

^= 20+2.3i>a;-f 3.4Jg7a:*+... (3) 

dbj 

^= 2. 3D +2.3.4£:aj +... (4) 



Since (1) and consequently (2), (3), etc., are assumed to be true for 
all values of a?, they will be true when a? = 0. Hence, making a; = 
in each of thqse equations, and representing what y becomes on this 

hypothesis by {y) ; what -^ becomes by ( -^ ] ; what --^ becomes by 

•I --^ i; and so on: there follows 

from (1), (y) = ^, or ^ = (y) ; 

Substituting these values of -4, 5, (?,••• in (1), gives 

If the function and its successive derivatives are expressed by 
f{x\ f\x\ f\x), r\x\ etc., 
equation (5) may be written, 
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80 DIFFERENTIAL AND INTEGRAL CALCULUS. 

»=/(a')=/(0)+/'(0) I +/"(0) I +/"'!+•.., (6) 

which is the formula of Maclaurin's Theorem.* 

If in the attempted development of a function by Maclaurin's 
Theorem, the function or some one of its derivatives becomes infinite 
when x = Of the function cannot be developed by Maclaurin's Theorem. 
This is evident, because a finite function cannot be equal to a series 
containing infinite terms. 

PROBLEMS. 

1. To develop 3/ =(a -f a?)". 
Here 

f(x) =(a-faj)*'5 hence /(O) =a". 

f(x) =w(a + «)«-*; " /'(O) ^na'^'K 

fXx) = n(n - l)(a + «)-« 5 « /"(O) = n (n - 1) a«-l 

/'"(«)= n(n - l)(n - 2)(a + «)*•"» ; « /"'(0)= n(n - l)(n - 2)a«-«. 

Substituting in (6), Art. 52, 

If l£ 

which is the same development as that given by the Binomial Theorem. 

2. To develop y = log (1 + x). 

Here, f(x) =log(l-faj); hence /(O) =0. 

•^'(^) =T^5 " /'(O) =m. 

1 + as 



(l+o:)* 
* 2 * m 



/'"(«)= L^^; « /"'(0)= 1.2m. 



* This theorem is commonly known as Maclaurin's, having been first published 
by him in 1742 ; but as it had been given in 1717 by Stirling, it should more prop- 
erly bear the name of the latter. 
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Substituting in (6), Art. 52, gives 

y = log(l + a,)=m^x-| + |-| + ...\ 
and if the logarithm is in the Naperian System, 

log(l+a;)=»-| + |-| + .... 

Thus the logarithmic series is found to be a special case under 
Maclaurin's Theorem. 

3. To develop y = sin x, 

f(x) = sin a; ; hence /(O) = 0. 

f(x) =cosa;; « f'(0) =1. 

/"(a;) =- since; « /"(0)=0. 

f"{x) = -. cos x; « /"'(O) = - 1. 
.•• ••• ..• ••• 

Therefore, y=ssina = aj — ^ + ^ — ^-f .... 

[3 [5 [7 

In the successive derivatives of sinx, the first four values are periodically 
repeating ; i.e., the fifth derivative equals the first, the sixth equals the second, etc.; 

hence, in general, d^^sinx) = sin f a; + n ^ V 

Obtain by Maclaurin's Theorem the following developments : 

The general formula for the successive derivatives of cos x is 

dn(c08X)^^^ /^ tV 

dx'* \ 2/ 

By the aid of the last two developments, natural sines and cosines 
may be computed. 

For example, to find the sine of 45**. 

By Art. 22, the circular measure of 45® is -• Substituting this 
value of X in the series of Prob. 3, gives 

TT 1 M' . 1 M' 1 M' 



= .7071068. 
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82 DIFFERENTIAL AND INTEGRAL CALCULUS. 

6/a» = l + lpga5 + log»a^ + log«a,^+.... 

If a = e and a? = 1 in this series, the value of the Naperian base 
may be computed. 

6. arctanaj = aj — --4- — — --4- •••. 
o 5 7 

The labor in finding the successive derivatives may sometimes be 
lessened by expanding the first derivative by some one of the algebraic 
methods, as follows : 

f(x) = tan""^ X, 
. /"(a;)=:-2a + 4a^-6aj* + .... 



By substituting a? = 1 in the development of arc tan a?. 
By Trigonometry, arc tan 1 = arc tan ^ + arc tan \. 

H«-i-[l-IC2M(IJ--]4l-i(D'-Ki)"--} 

Therefore ir = 3.141592 +. 

7. ^1+0^^1+--^ + --- + .... 

9. c"secaj = l + a; + a^ + ^+.... 

d 

10. (a» + a%-a^i = a+5-^^ + ii?^-.... 
"^ ^ ; a + g 5»a[2^5V[3 

11 arc8in«-a;+-^ + ll^4-ill:M + ... 

It was by the use of this series that Sir Isaac Newton computed the value of t. 
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12. Develop y = logo:. 

f{x) = logo?; hence /(O) =--oo. 

fix) = -; hence /'(O) = oo. 
f\x) = - i ; hence /"(O) = - oo. 

Substituting in Maclaurin's Formula, gives, 

y = logaj = — 00 + 00^ — 00 — H . 

In this example, logo; equals a series of terms involving oo, which 
makes the development indeterminate for all values of x. 

Hence this function cannot be developed by Maclaurin's Theorem. 

13. Develop y = cot x, 

14. If e be substituted for a in Ex. 5, 

Substituting a?V— 1 for a?, 

[2+14 16+ +^ 1, [3 +[6 (7+ ; 
= cosa? -h V— 1 sin a, by Exs. 4 and 3. . (2) 

Substituting — x V— 1 for x in (1), gives similarly 

er^-i = cos a: — V— 1 sin x, (3) 

Combining (2) and (3), gives 
smaj = 



2V^ ' 



and cos a; 



__ ^-'^ 



,-xV^^l 



2 
These values of the sine and cosine are called their eayponential 



values. 



2 2 

n'ne and hyperbolic cosine of x and are written sinh x and coshx. 



The real functions, — and ?_±_E_, are called respectively the hyperbolic 

2 2 



Digitized by 



Google 



84 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Art. 53. Taylor's Theorem. 

Taylor's Theorem is a theorem for developing a function of the 
sum of two variables into a series of terms arranged according to the 
ascending powers of one of the variables, with coefficients that are 
functions of the other variable. 

Taylor's Theorem depends on the following principle which must 
first be established : The derivative of a function of the Sum of x and 
y with reference to x regarding y as constant, is equal to the derivative 
of the function with reference to y regarding x as constant. 



Let 


u=f(x-\-y). 


Substituting 


« = a? H- 2^, gives 




u =/(.). 


In the first case, 


du_df(z) dz 
dx dz dx 




=/'(«), since I? = 1 
ox 


In the second case. 


du_df{z) dz 
dy dz dy 




=./'(^), since 1=1. 


Therefore 


du du 
35'= %■ , 



This principle may readily be shown to apply in any particular 
example ; for instance, 
let w=(«-^y)^ 

then p:^^ = n(x + yy-\ 

dx dy 

Art. 64. Demonstration op Taylor's Theorem. 

Let u =/(« -f y). 

Assume the development to have the form 

u^f(x ^ y)= A-i- By 'j'Cf-hDy' -{-'", (1) 
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in which A, B, (?,••• are independent of y, but are functions of x. It 
is now required to find values of AjBy (7, ••• by the method of un- 
determined coefficients. 

Differentiating (1), first with reference to x, regarding y as constant, 
then with reference to y, regarding x as constant, 

dx dx dx dx dx 

dy 

But by Art. 53, ^ = ^; therefore, 
dx dy 

Making y = in (1), gives A =f(x). 

Since (2) is true for every value of y; equating the coefficients of 
like powers of y in the two members by the principle of Undeter- 
mined Coefficients, 

^ = 5, hence5 = ^ =/•(.); 

f = 2C7, hence (7 = ||(/'(.) =!/"(.); 
f =3A hence D = ||(l/"(.)) = i/"'(.); etc. 

Substituting these values of A, By C,*" in (1), gives 

u==f(x-{- y) =f(x) +nx) y +/" (a:) t +/m(^) t ^ ...^ (3) 

If 15 

which is Taylor's Theorem. 

If x= be substituted in (3), it reduces to 

m =/(0) +/'(0) y + f"(0) t +/"'(0) 1+ -, 



Digitized by 



Google 



86 DIFFERENTIAL AND INTEGRAL CALCULUS. 

which is Maclaurin's Theorem. So Maclaurin's Theorem may be con- 
sidered as being but a special case of the more general one, Taylor's 
Theorem.* 

PROBLEMS. 

1. To develop (x -f yy. 

Substituting y = 0, and taking the successive derivatives, 

f(x) =n7f-\ 

f'(x) =n(n-l)af-«, 

f"'(x) = n (n - 1) (n - 2) afl 

Substituting these values in (3), 

which is the Binomial Formula. 

2. To develop sin (x -f y). 

f(x) = sin X, fX^) = ^^s ^} 
f\x) = — sin X, /'"(a) = — cos X. 

Therefore sin (a: -f y) = sin a;/^! — -| + jI- J -f cos xfy — r^ -I- .C ) 

= sin a: cos 3/ + cos a sin y. 
Obtain the following developments by Taylor's Theorem : 

3. a'+«' = a«(l + log a . y + log* a^ + log* a^ + .-.. 

4. log(. + y) = loga. + 2^|g + |g-.... 

5. {x + y)^ = aj* + ^a;"*3/ — ^x'^j^ + A^"*2/* "" '•'• 

♦Taylor's Theorem is named from its discoverer, Dr. Brook Taylor. It was 
first published in 1716, in a book by Dr. Taylor entitled Methodua Incrementorum 
Directa et Inversa. 
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6. log(l + sina:) = x-| + |-^+.... 

7. log sec (a; 4- y) = log sec a? -f tan a? • y + sec'a • ^ 

4-sec*a:.tanaj»^«". 



Art. 65. Rigorous Proof of Taylor's Theorem. 

In the demonstrations of Taylor's and Maclaurin's Theorems, it was 
assumed that the development would take place in a proposed form, 
and an infinite series was used without ascertaining that it was con- 
vergent. On account of these, as well as other objections, the method 
used is not altogether satisfactory. But, on the other hand, a rigorous 
investigation is necessarily complex and indirect. The proof which 
follows is one of the least difficult ones. 

The following proposition must be first established : 
If <^ (») = 0, when x^a^ and also when a? = 6, and if ^ (x) and 
^'(a;) are finite and continuous between these values; then ^'(a) will 
vanish for some value of x between a and 6. 

Th6 limit of — ^ = J^, and hence -^ will have the same sign as — ^ 
Ax dx dx , Ax 

Ay 
when Ax is taken small enough. If y increases as x increases, t- will 

be positive, and if y decreases as x increases, — ^ will be negative. So, 

Ax 

if J- is always positive between the two given values of x, 4> (x) would 

be constantly increasing, and if -^ is always negative between the two 

dx 

values of x, <^ {x) would be constantly decreasing ; but neither suppo- 
sition can be true, as <^ (a?) vanishes at the two given values for x. 

Therefore, <^'(aj) must change its sign between the two values, but 
a variable can only change its sign by passing through zero or infinity, 
and <^'(a;) remains finite by hypothesis ; hence, <^'(a;) must pass through 
the value zero. 

Let fix) and its successive derivatives be finite and continuous 
between a; = a, and a? = a -f A. 
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Assume 
^ {X) =/(a + X) -/(o) - xf'ia) - |/"(a) .•• - |/"(a) - ^^R, (1) 
in which 






[/(o + h) -/(a) - hf'(a) - |/"(a) ... - |/"(a)]- (2) 



In (2), it is to be observed that B is independent of x. 
In (1), it is evident that <^ (a?) = when ar = 0, and when x = h. ' 
Hence, <l>'{x) must be equal to zero for some small value of x between 
and h. Eepresent this value by Xi, 

Taking the derivative of (1) with respect to x, 

<l>'(x)=f'(a + x)-f'(a)-xr{a)-p"'ia).: -^f^r(a) -^B (3) 

= 0, when x = oci. 

But (3) also vanishes when x = 0; hence there is some value of x 
between and ajj, for which <l>"(x) = 0. 

Continuing this process to n -f- 1 differentiations, 

4,-+\x)=:r^\a + x)^R, 

for some value of x between and h, ^""•■^a;) = ; let this value of x 
be Oh, where 6<1, therefore 

f^\a + eh)^B. (4) 

Equating the values of fi in (2) and (4), and solving for /(a -f h), 

f(a + h)=f(a)+ hf(a) + ^r(a)... +^fn(a) + -^r^\a + Oh). (5) 

Now, since the only restriction imposed on a was that it must be 
finite, a may have any value ; hence x may be substituted for a in (6), 
which gives 

f(x + h)=f(x)+ hf'(x)+^f"(x) ... +^r(=o)+^^r^'(x+0h). (6) 

From (6), Taylor's Theorem follows whenever the function is such 
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that by sufficiently increafiing n the last term can be made indefinitely 
small.* 

Art. 56. Remainder in Taylor's and Maglaurin's Theorems. 

The last term of (6), Art. 55, -^_./-+i(aj ^- $h), is called the re 

mainder after n 4- 1 terms. ' 

For example, let /(a) = (1 + «)", then by (6), Art. 65, 

If 
-f- j-^^ [m(m - 1) ... (m - n)(l 4- ^)-*-']. 

In this development, [m(m — 1) ... (m — n)(l 4- tfa;)'*-"-^] is 

the remainder. ' 

If X is less than 1, the last term can be made indefinitely small by 
sufficiently increasing m. 

Hence, when «<!, 1 4-tyMgH- ^^^r" ^ g'-f... is a convergent 
series. '- 

If a? = be substituted in the remainder in Taylor's Theorem, and 
then X be substituted for h, the remainder in Maclaurin's Theorem is 
obtained, which is 



If this remainder, when n is taken sufficiently large, becomes indefi- 
nitely small, Maclaurin's Theorem gives a convergent series. 

For example, let/(aj) = sinaj. 

Thensin(x) = .-| + |-| + ...^sin[ft. + (n + l)|]. 

But whatever may be the value of a, it is evident that 
^sin[.. + (« + l)|] 



* The proof of Taylor's Theorem given in this article is due to Mr. Hamershaw 
Cox. 
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will have zero for its limit, hence this series is convergent for all values 
oix. 

Art. 57. Taylor's Theorem for Functions of Two or More 
Independent Variables. 

Let /(a?, y) be a function of two independent variables, and suppose 
f(x -f ^, y 4- A:) is to be expanded in ascending powers of h and k. 

Regarding y as constant, and expanding as though x was the only 
variable, 
f(x + h,y + k)=f{x,y+k)-^h±^f{x,y+k)-^^-^f{x,y+^^ (1) 

Expanding f(x, y + k), regarding x as constant, and y as the only- 
variable, 

f(x,y-^k)=f(x, y) + k^f(x, y)-^^^f(x, 2/) + .... (2) 

Substituting this value of /(«, y + k) from (2) in (1), gives 
f{x + h,y + k)=f(x,y) + h^f(x,y)-^k^f(x,y) 

Similaxly, 
f{x + h,y + k,z + l) 

=/('", y, z)+h£fix,y, z)+klf(x, y, «)+ l^f(a>, y, is) 

^^'t^^^' y' ^)+2^34/(-.y,^)+A^§/(-, 2^,-) + ...] 

And in like manner a function of any number of independent vari- 
ables may be expanded. 
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CHAPTER IX. 

EVALUATION OF INDETERMINATE FORMS. 

Art. 58. Indeterminate Forms. 

A function of x is indeterminate when the substitution of a par- 
ticular value for x gives rise to one of the following expressions : 

-, — , 00 — 00, U , 00 , 1 . 

00 

The true value of a function which becomes indeterminate is the 
value which the function approaches as its limit, as the independent 
variable approaches the particular value which makes the function 
indeterminate. 

For example, to find the true value of when aj = a. 

x — a 

When a = a, this fraction assumes the form -. 
If a + ^ is substituted for Xy the fraction becomes 

Now if h approaches zero, the independent variable approaches the 
particular value a, and the function evidently approaches 2 a as its 
true value. 

7? — a? 

Again, if both numerator and denominator of the fraction 

x — a 

are divided by x — a, the quotient is aj + a, and now when aj = a, the 
true value is found as before to be 2 a. 
As another example, 



or 
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By rationalizing the numerator, 






'2a 



By algebraic and trigonometric transformations the true values of 
many indeterminate forms can be readily found, but the Differential 
Calculus furnishes a method applicable to all cases. 



Art. 69. Functions that take the Form -• 



Let /(a?) and ^{x) be two functions, such that/(aj)= and ^(a;) = 0, 
when a=:a; 

then m^^-. 

<^(a) 

Let X take an increment li ; then by Taylor's Theorem, 



.r .. /(«')+/'(«')'i+/"(a')^+/"'(«')^'+- 



(1) 



Substituting a for «, making /(a) = and <^ (a) = 0, and dividing 
both terms of the fraction by ^, 

<^(« + '^) ^'(a) + r(«)|+<^"'(«)|+-' 
Hence, as ^ approaches zero, by Art. 5, 

<t>(a) <l>Xay ^ ^ 

f(x) 
which is the true value of v?-^ when a: = a. 

<l>{x) 

If /'(a)=0, and <^'(a)=0, then Z!^ = 2, and the result is still 

<^'(a) 

indeterminate. In this case, dropping the first term of the numerator 
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by — , as h approaches zero, 



and also of the denominator of (2), dividing both terms of the fraction 

<^(a)-,^"(a)- ^^ 

If (4) is also indeterminate, the process is repeated until a ratio of 
two derivatives is obtained, both of which do not reduce to zero when 
«= a. 

If /"(a)= and <^"(a) be not 0, the true value is 0. 

If /"(a) be not and <^"(a) = 0, the true value is oo. 

PROBLEMS. 

a^ — 1 

1. Find the true value of -, when aj = 1. 

x — 1 

hence, fix) = 5\ and <l>\x) = 1 ; 

therefore 4^ = ^^ = ^ = 5; when a? = 1. 

i>{x) <l>Xx) 1 

or ^^ sin or 

2. Find the true value of , when jc = 0. 

<^(a;) a^ 0' ' 

m =L^£2££ = whenx = 0; 
<l,>(x) 3** 

<l><'(x) 6x 0' 

fm = cosx =1, ^bena, = 0; 
<^"'(a!) 6 6' ' . 



ae„£o. [^^L-l. 



The subscript denotes the value which is to be substituted for x in the function 
within the brackets. 
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a log a? 
x — l 

^ a' -If 

O. : i 

sina; 

tana; -hseco; — 1 
tana; — secaj-fl' 

g«_e-«_2aj 
8. : , 

aj — sm a? 

^ a"— aa? — g'a; + a' 
si» - 



7. 



10. 



11. 






a*--2a»aj4-2aar^-a^ 
tana; — sin a? 



sin* a? 



when aj = 1. 


^n«. 1. 


when a; = 0. 


Am. log^ 




when aj = 0. 


^n«. 2. 


when a; = 1. 


Ana. n. 


when a; = 0. 


Ans. 1. 


when a; = 0. 


^iw. 2. 


when a; = a. 


^TW. 0. 


when a; = a. 


-4n«. — QO. 


when a; = 0. 


' Ans. i. 



Art. 60. Functions that take the Form — . 

When a; = a^ a function may take any one of the forms 

_, _, or -^. 
a 00 00 

Evidently, — = oo, — = 0, and — is indeterminate, 
a 00 00 

Let !lM.=:??, when a; = a. 

^ (a?) 00 

By taking the reciprocals of f{x) and <f> (x), 

1 

:^=*^ = ^hena: = a. 
<^(aj) _l_ 0' 
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Therefore, by Art. 69, 

fix) _4>(x)_ dx\<l> (x)J l<f. (x)y _ i>'{x) [/(«;)]» 

4>{x)- J_ ±fJJ\ ~ fix) -fix) [_<!> ix)f 
fix) dx\jix)J [fix)y 

and when x = a, Z^ = '^;(«) [/(«)]' (i) 



<l>ia) f'ia)i<kia)r 



hence /(aL^fM. 



(2) 



Therefore, the true value of the indeterminate form — can be found 
by the same method as that of the form -. 

However, in dividing (1) by £W, it was assumed that -^^^^ is not equal to 
0(a) 0(a) 

or QO . But (2) gives the true value in these cases also, as may be shown as 

follows : ^ X 

Suppose the true value of ^^^7^ ^ ^e <^» and let A be a finite quantity ; then 
0(a) 

0(«)'^ 0(a) 

But Aa)+ fi(p{a) j^g^ ^ value which is neither nor oo , hence (2) will apply 
0(a) 
to it, giving 

f(a)+h<f>(ia) _ f'(a)-\-h<f>'(a) 
0(«) "■ ¥(a) * 

therefore fW^fW^ 

0(a) 0'(a) 

Similarly, if the true value of ^^-^ = oo when x = a, then ^ ^ = 0, and the 
same demonstration applies. ^ ^ ^ ^ ^ 

Art. 61. FimcTioNS that take the Forms x 00 and 00—00. 

Let f(x) X <^ (a?) = X 00, when x = a. 

Then fia)x^ia) = ^ = l; 

therefore, the true value may be found as in Art. 59. 
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Again, let f(x) — <^ (a;) = oo — oo, when x^a. 

The expression in this case can be transformed into a fraction, 

which will assume either the form -- or ^, and the true value is found 

^ 
as before. 

For example, to find the value of 

sec X — tan a?, when a? = ^" 

1 — sin 05 1 IT 

sec a; — tan x = = -, when a; = -• 

cos a; 2 

Therefore Ml Jz.^l\ ^o. ' 



Art. 62. Functions that take the Forms W, qo^ and l=t«. 

Let f(x) and ^(a;) be two functions of x, which, when as = a, take 
such values that [/(«)]** is one of the assumed forms. 

Let y =[>?•; 

then log y = <^ (x) logf(x). (1) 

1st. When/(a;) = oo or 0, and <l>(x) = 0, (1) becomes 

*(a^)log/(a?) = 0(±oo). 
2d. When/(aj) = 1, and <^(a?) = ± oo , (1) becomes 
0(aj)log/(a;) = (±oo)xO. 

Therefore, the true values of the logarithms of all the functions 
which take the forms, 0", oo", and 1**, may be obtained as in Art. 61. 
For example, to find the value of af when x= 0. 



Let 
then 



Hence, 



y = af; 
logy = x\ogx =0(— 00 ), when x = 0. 

Iog2,=^=-|,when^=0. 



dx __ ^ __ r n 



= 0; 



therefore 



logaf = 0, when a? = ; hence ar* = 1, when a? = 0. 
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PROBLEMS. 

Find the true values of the following functions : 

Arts, 0. 

Ans. 3. 

Arts. 0. 

Ans, 1. 

Ans, 0. 
Ans, a, 

Ans, — 1. 

Ans, — ^. 

Ans. 1. 

Ans, ^, 

Ans. ^. 

Ans. 1. 
Ans. 1. 
Ans. e. 
Ans. e". 

Ans. 1. 



1. 


logaj^ 




when a5 = oo. 


2. 


tana; 




when a5 = ^ir. 


3. 






when a; = 0. 


4. 


log tan 2 a? 
log tan X ' 




when 05 = 0. 


5. 


a" log a?, 




when aj = 0. 


6. 


2'sinJ, 




when a? = 00. 


7. 


secx(a!sin«- 


■i) 


when ic = ^' 


8. 


2 1 

a?-l x-1' 




when aj = l. 


9. 


X 1 
log a; logo;' 




when a? = 1. 


10. 


cosec'sB — -^ 




when aj = 0. 


11. 


2 1 




whftn X ^ 0. 


sin' a; 1 — cos as' 


WW XJLv71X M/ •^— v/. 


12. 


r- 




when a; = 0. 


13. 


a:*", 




when a? = 0. 


14. 


(e" + l)-, 




when a? = 00. 


15. 


M- 




when aj = oo. 


16. 


, sin «*•"', 

H 




when a? = ]^- 
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Art. 63. Compound Indeterminate Forms. 

When a given function can be resolved into factors, one or more of 
which become indeterminate for a particular value of a, the true value 
may be obtained by getting the true value of each factor separately. 

When the true value of any indeterminate form is founds that of 
any constant power of it can be determined. 

PROBLEMS. 

1- ^ *" ^^ 9 when aj = l, 
1 — ar* 

This may be put in the form • -, 

1 4-ir 1 —ic* 

in which the second factor only is indeterminate. 

Let '^ = ^; 

then- ZlM = ^^:l = ^af-»=:^, when aj = l. 



Therefore | ^""^^ | = ^. 






(^'-l)tan»^ hena; = a 



therefore 



(e'-l)tan«a? ^ /tanaV (flizl) . 
aj* \ X J X 

(^^11^^=1, when a,= l. 



3. log(l + « + a^ + los(l-a; + a^^ ^ten sr = 0. ^ji». 1. 

sec X — cos X 

(a^-a^sin|^ ^ 

4^ £5, when a? = a. -4ris. -/ 

O^^COSg^ 



5 . or (sin a:) **" * ( ^ , ^f' ) , when a? == ^. ^ws. 

^ ^ V2sin2a;y' 2 



2«+3 
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CHAPTER X. 
MAXIMA AND MINIMA OF FUNCTIONS. 

Art. 64. Definitions and Geometric Illustration. 

A moQcimum value of a function is a certain value at which the 
function changes from an increasing to a decreasing function. Or, in 
other words, f{x) is a maximum for that value of x which makes f(x) 
greater than f(x -f h) and f(x — h) for very small values of h. 

A minimum value of a function is a certain value at which the 
function changes from a decreasing to an increasing function. Or, 
f(x) is a minimum for that value of x which makes f(x) less than 
f{x + h) and f(x — h) for very small values of L 

In Fig. 8, let the curve AB be the locus of y=f(x). 

Then PN represents a maximum ordinate, and P^T 3, minimum or- 
dinate. As X increases toward ON, y approaches a maximum value, 



y 




P 






/' 




A 






^ 


P" 


p'^^^ 




r 






\j 


f 


C/^ 






A 










P 


t 







• 


At 


if 


; < 


>1 


r> 


/ 






V 


V 


X 



Fig. 8. 

PN^ and the tangent to the curve makes an acute angle with the 
X-axis. At the point P^ the tangent line is parallel to the X-axis. 
Immediately after passing P, the tangent makes an obtuse angle with 
the X-axis. But by Art. 27, the slope of the tangent line is equal 
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100 DIFFERENTIAL AND INTEGRAL CALCULUS. 

to f\x) ; hence f\x) is positive before, and negative after, a maximum 
ordinate. Likewise it may be shown that f\x) is negative before, and 
positive after, a minimum ordinate. Thus, f\x) = 0, at both maxi- 
mum and minimum ordinates. Therefore, a condition for both maxima 

and minima is -^ = 0. 
dx 

Art. 65. Method op Determining Maxima and Minima. 

For a maximum value of the function, /'(«) = and /'(a;). changes 
sign from -|- to — when x passes through a value corresponding to a 
maximum value of the function. For a minimum value of the func- 
tion, f\x) = and f'(x) changes sign from — to -f when x passes 
through a value corresponding to a minimum value of the function. 
Hence, the roots of the equation f'(x) = are first obtained. 

If a is a root of this equation, a value slightly less, and then one 
slightly greater than a, are substituted for x in /'(a?). Let h repre- 
sent a very small quantity. 

If f'(a — h) is +, and f'(a -f- ^) is — , then /(a) is a maximum. 

If f'(a — h)ia — , and /'(a 4- ^) is -f-, then /(a) is a minimum. 

For example, let y = 6 4- (a; — a)\ 

Then -^ = 4(a; — a)® = 0: hence aj=a. 

dx 

Substituting a — A for x, gives 

dx 
Substituting a -f- ^ for x, gives 

dx 

Here, f'(x) changes sign from — to -f at » = a; henc0, a is the 
value of X which gives a minimum function. Therefore, y=b, o, mini- 
mum. 

By reference to Fig. 8, it will be seen that P"'W is a minimum 
ordinate, and the tangent to the curve at this point is perpendicular to 
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the X-axis. In this case f'(x) changes sign by passing through oo . 
Any variable can change its sign only by passing through or oo , but 
it does not necessarily follow that there is a change of sign whenever 
/'(a;) = 0, or /'(a?) =00. At point P^, the tangent is parallel to the 
X-axis, hence f'(x) = ; but /'(a?) is -f immediately before and after 
reaching this value. Therefore, the values of x which make f'(x) = 
do not always give maxima and minima, so they are simply called 
critical values, or values for which the function is to be examined. 

It is evident also that a function may have several maxima and 
minima, and a minimum value may be greater than a maximum value 
of the same function. 



Art. 66. Conditions for Maxima and Minima by Taylor's 

Theorem. 

Let/(a;) have a maximum or minimum value when a? = a. 
Then if A be a very small increment of x, by Art. 64, 

/(a) >/(a -h k), and f(a)>f(a — /i), for a maximum, 
also /(a) <f(cL -f h), and /(a) </(a — h), for a minimum. 

Therefore f(a -f h) -/(a) and f(a — h) —/(a) 
are each negative for a maximum, or are each positive for a minimum. 
Now by Taylor's Theorem, 

/(a + h) -f(a) = /'(a) A +/"(a)| + /"'(a)|+ •.•. (1) 

/(a - h) -f(a) = _/'(a) A +/"(a)|-/"'(a)|+ .... (2) 

For a maximum : The first members of (1) and (2) must be nega- 
tive, therefore the second members must be negative. Now if A be 
taken sufficiently small, the first term in each second member can be 
made numerically greater than the sum of all the terms following it; 
hence, the sign of each second member will be the same as that of its 
first term. But the first terms have different apparent signs, so the 
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second members cannot both be negative unless the first term disap- 
pears, hence 

f'(a) = 0. 

Now the first of the remaining terms of the second members con- 
tain h^, and these terms determine the signs of the members. In 
order that these terms may be negative, /"(<*) must be negative, or 

f"(a)<0. 

Therefore, if /(a) is a maximum, 

/'(a) = and/"(a)<0. 
Similarly, it may be shown that if /(a) is a minimum, 

/'(a) = and/»>0. 

However, if /"(a) = 0, then the sign of the second members of (1) 
and (2) will depend on the terms containing /"'(a), and since the terms 
containing /'"(a) have opposite signs, there can be neither a maximum 
nor a minimum unless /'"(a) also vanishes; and if /'"(a) = 0, then 
/(a) is a maximum when /^^ (a) is negative, and a minimum when/'^(a) 
is positive ; and so on. 

Rule: Find f'(x), and solve the equation, f'(x) = 0, Substitute the 
roots of this equation for x inf"(x). Each value of x which makes f''(x) 
negative will make f(x) a maximum; and each value which makes /"(«) 
positive will make f{x) a minimum. 

However, if any value of x also makes f"(x)— 0, substitute this value 
in the successive derivatives until one does not reduce to 0. If this be of 
an odd order, the value ofx will give neither a maximum nor a minimum; 
but if it be of an even order and negative, f(x) will be a maximum, if of an 
even order and positive, f(x) will be a minimum. 

The solution of problems in maxima and minima is often simplified 
by the aid of the following principles : 

1. If any value of x makes af(x) a maximum or minimum, a being 
a positive constant, that value will make f(x) a maximum or minimum, 
ffence, a constant factor may be omitted. 

2. If any value of x makes [/(a?)]" a maximum or minimum, n being 
a positive constant, that value will make f(x) a maximum or minimum. 
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Hence, any constant exponent of the function may be omitted; or if 
the function is a radical, the radical sign may be omitted. 

3. K any value of x makes log/(a;) a maximum or minimum, that 
value will make f(x) a maximum or minimum. Hence, to find a maxi- 
mum or minimum value of the logarithm of a function, the function 
only need be taken. 

4. If any value of x makes /(a;) a maximum or minimum, that value 

will make -— — a minimum or maximimi. Hence, when a function is 

. /(^) . . . , . . . 

a maximum or a mmunum, its reciprocal is a minimum or a maximum. 

5. If any value of x makes a +/(aj) a maximum or minimum, that 
value will make/(a;) a maximum or minimum. Hence, a constant term 
may be omitted. 

Each of the preceding propositions may be readily proved. For 
example, in (1), the first derivative of a/ (a:) when placed equal to zero, 
will give an equation whose roots are the same as the roots of the 
equation formed by placing the first derivative of f(x) equal to zero ; 
hence, the critical values will be the same in both cases. 



PROBLEMS. 
1. Find the maximum and minimum values of 

Let y = ar^-3iB2_9^^5. 

then ^=t3ar»-6aj~-9. 

dx ■ - J 

Placing the first derivative equal to zero, and finding the roots, 
3a^-6a;-9 = 0; 
therefore a; = 3 or — 1. 

The second derivative is — ^ = 6 a? — 6. 
dor 
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When x = S, — ^ = 12, and as this value of x makes the second de- 
dar 

rivative positive, it corresponds 

to a minimum value of the 

function. 

When «=-!, ^=-12, 

and this result being negative 
indicates a maximum. 

Substituting these values of 
X in the function, gives, when 
a; = 3, y = — 22, a minimum, 
and when a; = — 1, 2/ = 10, a 
maximum. 

These results may be illus- 
trated graphically by construct- 
ing the locus of the equation. 

In Fig. 9 it will be seen that 
there is a maximum ordinate 
corresponding to the abscissa 
— 1, and a minimum ordinate 
corresponding to the abscissa 3. 
Eemabk. It will be very instructive to construct the loci of the 
equations in the first few examples. 

Examine the following functions for Maxima and Minima : 

2. 2/ = a5* — 5a;*-|-5a^-f-l. Ans, a; = 1, gives a Maximum, 2 ; 

a; = 3, gives a Minimum, — 2%, 

3. y = 2iB8-21a^-|-36a;-20. Arts, a = 1, gives Max., -3; 

x = ^j gives Min., — 128. 

4. 2/ = 3 iB^ — 9 a^ — 27 a; + 30. Ans. a; = — 1, gives Max., 45 ; 

a = 3, gives Min., — 51. 

5. y = ^^ ""^) ■ Ans, x=:\a, gives Min., |^ al 




Fig. 9. 
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6. y = 3^'-3x^ + 6x'\-10. 

Ana. This function has no real Max. or Min. 

7. y = Arts. X = cos X, gives a Max. 

1 + a; tan x 

1 

8. y=:a>. Arts, x = e, gives Max. 

^' 3/ = u : -4^- ^ = 45°, gives Max. 

1 -ftana; 

10. y = sinaj(l -f cos x). Ans. a: = ^, gives Max. 

o 

11. y = (.-c — 1)* {x + 2)^ Ans, X = — T^, gives Max. ; 

a; = 1, gives Min. ; 
aj = — 2, gives neither. 



GEOMETRIC PROBLEMS. 

12. Determine the maximum rectangle inscribed in a given circle. 
Assume an inscribed rectangle as in Fig. 10. Let the diameter 
CB = d, and the side CD = a; then 



AC = -\/W-^. 
Denoting the area by Ay then 




^ = ajVc«--aj«, 

which is to be a maximum. 

By Art. 66, 2, the function a*(cP — a^ may 
be used. ^^°- 1^' 

Put y =a^(rf*-a^. 

Then ^ = 2(?aj-4a» = 0; hence a? = 0, or a; = dVX- 

dx 

Now ^=2cP-12a^ = 2d^ whena: = 0: 

= — 4 f/*, when a; = cf V^. 

Therefore, a? = eZ VJ, which is the side of an inscribed square, will 
give the maximum rectangle, 
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13. Find the greatest cylinder which can be inscribed in a given 

right cone with a circular base. 

In Fig. 11, let CH be a cylinder 
inscribed in the cone GAB, 

Given AM= a, and 0M= h. 

Let NO = X, 9.nd NM= y. 

Denoting the volume by F, 

then V= TcT^y. 

From the similar triangles AOM 
B and CON, 




Fio. 11. 



- = ^, hence x = -(h — y), 

ax h 



Therefore, y= ir—(^ — yYy, which is found to be a maximum when 

y = ^ A. Therefore, the altitude of the maximum inscribed cylinder is 
one-third of the altitude of the cone. 

14. Find the maximum cone which can be inscribed in a sphere 

whose radius is r. 

D In Fig. 12, let ADB and ODB be 

the semicircle and triangle which gene- 
rate the sphere and inscribed cone by 
revolution about AB, 

Let OD = x, OB = y, and F= the 
-A -^ volume of the cone ; 




Fig. 12. 



F=j7ra^y. 



then 

x'^OBx CA = y(2r^y), 

hence, V= ^'7ry^(2r ^y), which is the function whose maximum is 
required. Ans. The altitude of the Max. cone = J r. 

15. Determine the right cylinder of greatest convex surface that 
can be inscribed in a given sphere. 

If r = the radius of the sphere, and x = the radius of the base of the 
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cylinder, then the convex surface of the cylinder is ^irxyji^ — a^. This 

will be a maximum when the radius of the base is -^• 

V2 

16. From a given surface S^ a cylindrical vessel with circular base 
and open top is to be made, so as to contain the greatest amount. 
To find its dimensions. 

Let X = radius of base, y = altitude, and F'= volume of a cylinder. 

Then F= irar'y, (1) 

and S = iro^ + 2 irxy, (2) 

Differentiating (1) and (2) with respect to x : 

rrom(l), ^ = 2ira^-t-7ra^^ = 0, 

dx dx 

hence 

From (2), 
hence 



da; 


X 






= 


2ira; + 2- 


dx 


+ 2ny, 


dx 


X 






?I = 


x-\-y 






X 


X 







Hence 



Therefore y = x, or the altitude = radius of base. 

In this example, (2) might have been solved for y and this value substituted in 
(1), and the solution would have been the usual one. But the given solution is 
in this and similar examples much shorter. 

17. What is the length of the axis of the maximum parabola which 
can be cut from a given right circular cone, knowing that the area of a 
parabola is equal to two-thirds of the product of its base and altitude ? 

Given BC = a, and AB = 6, in Fig. 13. 

Let CM=Xj then BM=a — x, 



and RS = 2V(a — x)x. 
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By similar triangles, 




Fig. 13. 
Hence, the area of the parabola is 

A^--x \/(a— x)Xy 

which is a maximum when a; = f a. 

18. What is the altitude of the maximum rectangle which can be 
inscribed in a given segment of a parabola ? 

O 




In Fig. 14, let BOG be the parabolic segment and AO = h. 
Let OH^x, 
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then MH=\^2px, 

Therefore, area of MRSN = 2 \^2px(h — a?), 

which is a maximum when oj = — 

3 

19. What is the maximum cylinder that can be inscribed in an 
oblate spheroid whose semi-axes are a and b ? 

Arts. Radius of base = J a V6 ; altitude = f 6 V3. 

20. Find the maximum right cone that can be inscribed in a given 
right cone, the vertex of the required cone being at the centre of the 
base of the given cone. Arts, The ratio of the altitudes is J. 

21. What is the maximum isosceles triangle which can be inscribed 
in a circle ? Ans, An equilateral triangle. 

22. What is the altitude of the cone of maximum convex surface 
that can be inscribed in a sphere whose radius is 3 ? 

Ans. Altitude = 4. 

23. When is the difference between the sine and th^ cosine of any 
angle a maximum ? Ans, When the angle = 135°. 

24. If the strength of a beam with rectangular cross-section varies 
directly as the breadth, and as the square of the depth, what are the 
dimensions of the strongest beam that can be cut from a round log 
whose diameter is Z> ? Ans, Depth = Z> V|. 

25. A rectangular box with a square base and open at the top, is to 
be constructed to contain 108 cubic inches. What must be its dimen- 
sions so as to contain the least material ? 

Ans, Altitude = 3 inches ; side of base = 6 inches. 

26. What is the altitude of the minimum cone that may be circum- 
scribed about a sphere whose diameter is 10 ? Ans. Altitude = 20. 

27. A person, being in a boat 3 miles from the nearest point of the 
beach, wishes to reach in the shortest time a place 5 miles from that 
point along the shore ; supposing he can walk 5 miles an hour, but can 
row only at the rate of 4 miles per hour, required the place he must 
land. Ans. One mile from the place to be reached. 
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28. Find the minimum value of y when y = "^ — ~— 

3 (sr 4- vx) . 

Ans. y = 0.32218. 

29. Determine the greatest rectangle which can be inscribed in a 
given triangle whose base = 26 and altitude = a. Ans, A = ^ab. 

30. A Norman window consists of a rectangle surmounted by a 
semicircle. Given the perimeter, required the height and breadth of 
the window when the quantity of light admitted is a maximum. 

Ans. Radius of semicircle = height of rectangle. 

31. A privateer must pass between two lights A and B on opposite 
headlands, the distance between which is c. The intensity of light A 
at a unit's distance is a, and the intensity of light J3 at a unit's dis- 
tance is b. At what point must a privateer pass the line joining the 
lights so as to be as little in the light as possible, assuming the princi- 
ple of optics, that the intensity of a light at any point is equal to its 
intensity at a unit's distance divided by the square of the distance of 
the point from the light ? A 8 x:=z ^ 

a^ + b^ 

32. The flame of a candle is directly over the centre of a circle 
whose radius is 5 ; what ought to be its height above the plane of the 
circle so as to illuminate the circumference as much as possible, sup- 
posing the intensity of the light to vary directly as the sine of the 
angle under which it strikes the illuminated surface, and inversely as 
the square of its distance from the same surface ? 

Ans, Height above circle = 5 VJ. 

33. If the total waste per mile in an electric conductor is CV -\- - 

r 

(r ohms resistance per mile), due to heat, interest, and depreciation, 
what is the relation between (7, r and t when the waste is a minimum ? 

Ans. Cr = t. 

34. In the formula, A^B = pV^ + a^)^^ ^ it ig required to find the 

E^ (x — ly 

value of X that makes the variable factor - — — — - a minimum. 

(x^iy 

Ans, a? = 2.2. 
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35. From the differential equation, 20,000,000 ^= — 100 a;, find 
the equation of the curve and the maximum ordinate ; the first con- 
stant of integration being found by making -^ = when x equals I, 

dx 

and the second constant of integration being found by making y equal 
to zero when x equals zero. 

Ans, y = ^^J-^f^^ - 120^, and Max. ordinate = -^. 
^ 20,000,000 V 2 6 / 600,000 

36. A statue whose height is 10 feet stands on a pedestal 8 feet in 
height, which rests on a level surface. At what point on the horizontal 
plane through the base of the pedestal does the statue subtend the 
greatest angle ? Arts, 12 feet from centre of base. 

37. If V denotes the velocity of a current, and x the velocity of a 
steamer through the water against the current, what will be the speed 
most economical in fuel if the quantity of fuel burnt is proportional 
to aj*? Ans. a; = f v. 



Art. 67. Maxima and Minima of Functions of Two Indepen- 
dent Variables. 

Let f(x, y) represent any function of two independent variables. 

When f(x, y) >f(x + A, 2/ 4- A:), 

for all very small values of h and k, positive or negative, the function 
has a maximum value. 

When f{x, y) <f{x + A, y + k), 

for such values of h and /c, the function has a minimum value. 

Placing u =f{x, y), 

from Art. 57, 

Now, by argument similar to that of Art. 66, it may be proved that 
the sign oi f{x-\-h, y-\-k)—f(x, y) will depend on h t^ + ^t-j and 
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therefore will change sign with h and k ; hence, a maximum or mini- 
mum value is impossible unless 

ax ay 
And since h and 7c are independent, 

|i? = 0,and^ = 0. (2) 

dx ' dy ^ ^ 

Substituting -4 = -—-, J5 = — — -, and C=--t, in equation (1), gives 
asT ax ay ay 

f(x + h,y + k) -fix, y) =i {Ah* + 2Bhlc+ Cl^-\- ... 

In (3), the sign of f{x + h, y-\-k) — /(«, y) will depend on 

and in order that it may retain the same sign for all very small values 
of h and k, it is necessary that AG — W should be positive ; for if 
AG — ^ be negative, it will be possible, by ascribing some suitable 

value to - to make the whole expression change its sign. Hence as a 

k 
condition for a maximum or minimum, 

W<AG, (4) 

It is obvious from (4) that A and G will have the same sign, and 
the sign of (3) thus depends on A. 

Hence, for a maximum, -4 < 0, and (7 < ; 

and for a minimum, -4 > 0, and C > 0. 

Therefore, the conditions established are ; 
For either a maximum or minimum, 

^ = 0, ^ = 0, and /^J!!LY<^^. 
bx by \dy dxj dx^ dy^ 
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Also, for a maximum, — r: < and --— < 0, 

and for a minimum, — - > and — - > 0. 

dxr djf 



Art. 68. Conditions for Maxima and Minima op Functions op 
Three Independent Variables. 

By an investigation similar to that of Art. 67, the following condi- 
tions for a maximum or minimum value of u =f(x, y, z) are established : 
For either a maximum or minimum, 

^ — — — — — /^_^5LY<r — ^!?^ 
dx'" ' dy'^ ' dz" ' \dxdyj dx'dy^ 



idxj dz^dx" 



\dydzj df dz'' ^ \dzdx] 

Also, for a maximum, ^,<0, ^,<0, and ^,<0, 
dxr dy^ dsr 

and for a minimum, ^, > 0, ^, > 0, and ^ >0. 

dxr dy* OT 



PROBLEMS. 

1. Find a point so situated that the sum of the squares of its dis- 
tances from the three vertices of a given triangle shall be a minimum.* 

Let («], ^i), (iCjj, ya) and (a^s? Vz) be the coordinates of the vertices, 
and (a;, y) the given point. 
Then, 

is the function to be a minimum, which, may be represented by u. 

OX 

♦See Byerly's Diff. Calc, p. 236. 
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aoir 
^ = 5, 



dxdy 
^=2 + 2 + 2 = 6 = 0. 

Making — and -^ each equal to zero: 
^ dx dy ^ 

2(x-x,) + 2(x-^x,)-^2(x-^x^) = 0, 
therefore a.^5L±^±3. 

2(y-2/i) +2(^-^2) +2(y - 2/8) =0, 
therefore y = ^1 + ^2 + y^. 

^C-£2 = 36-0>0, 
^ = 6 > 0. 
Hence, w is a minimum when 

^ ^ 5l±^±^, and 2^ = 2^i±|ii^, 
and the required point is the centre of gravity of the triangle. 

2. Find the maximum value of a^y^ (6 — oj — y). 

Ans. Max. when a? = 3, y = 2. 

3. Find the maximum value of 3 axy — aj* — 2/*. 

Ans. Max. when x = ayy = a. 

4. What is the triangle of maximum perimeter that may be in- 
scribed in a given circle ? 



5. Find the values of x, y and z, that make a^ + y^ + z^ + x — 2z 
— xydi, minimum. 



Ans, An equilateral triangle. 

at make oi^ + 'if -{-z^ -{-x — 2z 

Ana. a; = -2, 2/ = -^, 2; = 1. 
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6. What rectangular parallelopiped inscribed in a given sphere has 
the maximum volume ? Ans, A cube. 

7. An open vessel is to be constructed in the form of a rectangular 
parallelopiped, capable of containing 108 cubic inches of water. What 
must be its dimensions to require the least material in construction ? 

Ans, Length and width, 6 inches ; height, 3 inches. 
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CHAPTER XI. 

TANGENTS, NORMALS AND ASYMPTOTES TO ANY PLANS CURVE. 

Art. 69. Equations of the Tangent and Normal. 

Let y =f(x) be the equation of any plane curve AB, and (x', y') the 
coordinates of the point of tangency T, in Fig. 15. The equation of a 




Fig. 16. 



straight line through T is y — y' =^ a(x — x'), in which a is the tangent 
of the angle which the line makes with the X-axis. 



By Art. 27, 



Therefore 



a = tan^ 



dx' 



y — v' = —Xx — x^ 



(1) 



is the equation of the tangent to the curve y =f(x) at the point («', y^. 

As the normal to the curve at the point T is perpendicular to the 

dx' 
tangent at that point, the slope of the normal is -, and hence the 

dy 
equation of the normal is 

^■■^'=-|^^^-^'>- ^^^ 

116 



Digitized by 



Google 



TANGENTS, NORMALS AND ASYMPTOTES. 117 



Art. 70. Lengths op Tangent, Normal, Subtangent and 

Subnormal. 

In Fig. 15, let TM be the ordinate, TR the tangent and TN the 
normal, at the point of contact ; then MB is the subtangent and MN 
the subnormal. 

tan^fRT ^ dy'' 

dx' 
hence subtangent = y'-— / (3) 

dy' 

MN^MTta3iMTN=y'%', 

dx' 

dv' 
hence subnormal = 2/'-^/ (4) 

dx' 



RT^^{MRy + {MTy = ^^(y'^+y''^, 

hence tangent = y'y^l -f ("—!)*• (5) 

TN= V{MTy+{MNy = ^y'^ + (^y'gY; 



hence normal = 

Art. 71. Tangent op the Angle between the Radius Vector 
AT Any Point op a Plane Curve and the Tangent to the 
Curve at that Point, in Polar Coordinates. 

Let be the pole, OX the initial line, and P any point of the curve 
AB, in Fig. 16. 

Let (r, $) be the coordinates of P, and (r + Ar, 6 + Aff) be the 

coordinates of another point R of the curve. If PS is perpendicular 

to OR, then 

P/S' = rsinA^, 

and SR = (r + Ar) — r cos Aft 

rsin A$ 



Therefore tan/S'i2P = 



r + Ar — r cos Atf 
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Now, if the point R approaches P, then the secant RP approaches 
the tangent PT, and the angle 8RP approaches the angle OPT, If 
the angle OPT is represented by <t>, then 




Fig. 16. 



Now, 



tan ^ = limit 



•sinA^ 



r-|- Ar — r cos Ad 
r sin Ad 



= limit 



Ad 



2r sin*-- 

2 Ar 



Ad 



Ad 



V ..sin Ad -I 
limit = 1 : 



2 sin 



Ad 
2 Ad 



limit ^ = ^'5 
Ad dd' 



limit - 



Ad 



= limit 



Ad 2 



Therefore 



tan<^ = r— . 
dr 



(1) 



Art. 72. Derivative of an Arc. 

In Fig. 17, let P and P' be two points on the curve AB separated 
by a short distance As. The coordinates of P and P' are (x, 2/) and 

(x 4- Aa;, 2^ -f Ay) respectively. 
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In the right triangle PMP^, 



hence 



A5 = V(Aa;)--j-(A2//; 



A8 

Ao; 



=V^' 



119 





Y 


/ 


F 

/ 




^'' 






/ 

A 

X 


y 

















/ 



Fig. 17. 



Now, when P' approaches P, 



or 



limit — 
Aa; 



= limit^l4-r^ 
dx \ \dx) 




^^ 



/ 



Jlipse 
d parabola 



=^^/77Vf^ 



+ 3, y==2x-3. 



§ us_ds dr 
de^drdS 



uan^<^ 



^<?/ iurve 



^ns. 135°. 
Ans. m. 
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Art. 74. Lengths of Tangent, Normal, Subtangent, Subnormal 
AND Perpendicular on Tangent, in Polar Coordinates. 

In Fig. 18, let PT be the tangent to tiie curve at the point P, and 
through P the normal PN is drawn. 




NT is drawn through the pole 0, perpendicular to OP, 
PT is called thQ polar tangent; 
\ PN, the polar normal; 

OT, the polar subtangent ; 
\ \ ON, the polar subnormal ; 

a!>;^d ^. OD, the perpendicular on tangent from the pole. 

\ Or= suMangent = OP tan OPT= Opfr—\ by Art. 71, 

^ \ =^^. (1) 

\ V dr ^ ^ 

0)k= Bubncu'mal = OP tan OPN= OP cot OPT 

\ , =^. (2) 



I 
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Pr= tangent = y/QP^ -\- OT^ = r^l + ^(~)'- (3) 

PN = normal = VOP^ON' = \ »^ + f^)""- (4) 



0Z> = perpendicular = OP sin OPZ> 

9 r 



__ tan OPT) _ 7^ ,g. 

VI + tan^ OPD "J^2^/^y 



PROBLEMS. 

1. Find the equations of the tangent and normal to the circle, 

aj* + 2/^ = r** 

By differentiation ^ = -?; ... ^' = -5-'. 
dx y dx' y' 

Substituting this derivative in Art. 69 (1), gives 
y-y' = --,(x-x'), 

y 

whence, xx^ -\- yy' = r*, which is the equation of the tangent. 

Substituting ^' = - 5.' in Art. 69 (2), gives y - y^= ^(x - x\ 
dx^ y' x' 

which is the equation of the normal. 

2. Find the equations of the tangent and normal to the ellipse 

ay + 6 V = a^b\ 

3. Find the equations of the tangent and normal to the parabola 

f = 2px. 

4. Find the equations of the tangent and normal to y^ = 2a^ — ar^ 
at a; = 1. Ans, Equations of tangent : y = ix-\-^, y = — :^x — l. 

Equations of normal : y = — 2x-{-3, y = 2x — 3. 

5. What is the inclination of the tangent to the curve 

a^2 = a\x + y)j at the origin ? Ans. 135°. 

6. What is the value of the subtangent to y = a* ? Ans. m. 



Digitized by 



Google 



122 DIFFERENTIAL AND INTEGRAL CALCULUS. 



7. What is the value of the subnormal to v* = a'^'^x ? Ans, ^* 

nx 

8. At what angle do the curves y = — — 7—; and a;* = 4 ay intersect ? 

ar-|-4a* 

Ans. 7r33'64". 

9. Find the values of the normal and subnormal to the cycloid 

« = 2 arc vers ^ — V4 2^ — ^, at the point where y = 1. 

Ans. Normal = 2 ; subnormal = V3. 

10. Find the values of the tangent, normal, subtangent and sub- 
normal to the spiral of Archimedes, whose equation is r = od. 

Ans. Subtangent = - , subnormal = a, 
a 



tangent = r\/l -\ — - , normal = Vr* -h «* 
^ a' 

1 1 . Find the values of the subtangent and subnormal to r* = a' cos 2 0. 

Ans. Subtangent = r— : — ---; 

a' sin 2 

a* 
subnormal = sin 2 ft 



Art. 76. Rectilinear Asymptotes. 

An asymptote to a curve is the limiting position of the tangent 
when the point of contact moves to an infinite distance from the 
origin. 

Hence, any curve will have an asymptote when the point of con- 
tact of a tangent is infinitely removed from the origin, and when the 
tangent intersects either coordinate axis at a finite distance from the 
origin. 

From Art. 69 (1), 

Intercept on X=:x'-y'—^ (1) 

and intercept on Y=y' — x'-^y (2) 

dx 
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If in (1) and (2) the intercept on X or F is finite when a;' = oo or 
?/' = 00, then the tangent at (x', y^) is an asymptote. For example, to 
examine the hyperbola a^y^ — 6V = — a^b'^ for asymptotes : 

Here ^'=^'. 

Hence intercept on X = «' — ?^ 

= - = 0, when a?* :p oo. 

a;' / 

Intercept on Y= y' - ^ = — -, = 0, when y* = oo. 
aV y' 

Hence, there is an asymptote passing through the origin. 

dy' b^x' 6 1 6 , 

d^' = (iy=^^""^— »=±^' whenaj = oo. 






Therefore, there are two asymptotes whose slopes are ± -, and 
the equations of the asymptotes are y = ± -x. 

If, when «' = so in (1) and (2), the intercepts on both Xand Fare 
infinite, the curve has no asymptote corresponding to a:' = oo . 

If when y' = co in (1) and (2), the intercepts on X and Fare 
infinite, the curve has no asymptote corresponding to ^' = oo. 

If both intercepts are zero, the asymptote passes through the origin, 

and its direction is found by evaluating -^ f or a: = oo. 

dx 

Art. 76. Asymptotes Parallel to an Axis. 

When a: = 00 in the equation of a curve gives a finite value of y, 
then there is an asymptote parallel to the X-axis. For instance, if 
y = a when a; = oo in the equation of the curve, then y = a is the equa- 
tion of an asymptote, because it is the equation of a straight line 
passing within a finite distance of the origin, and touching the curve 
at an infinite distance. 

Likewise, when y = oo gives x=b in the equation of a curve, then 
a? = 6 is an asymptote parallel to the F-axis. 
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3? 



For example, taking the curve whose equation is 2^ = 



X — b 
Here, y = 00 when aj = 6 ; hence aj — 6 = is the equation of an 

asymptote to the curve parallel to the F-axis. 

Art. 77. Asymptotes determined by Expansion. 

An asymptote may sometimes be determined by solving the equa- 
tion of the curve for y and expanding the second member into a series 
in descending powers of x. 

For example, to examine y^ = . 

X — b 

Here f^x'fl- -X\ 

hence y= ±x(l — j * 

as x approaches 00, (1) approaches 

y=±(x + ^y (2) 

Hence, as x increases, the curve (1) is continually approaching the 
straight line (2), and (1) and (2) become tangent when a; = 00 ; there- 
fore, y= ±(x-{--\ are the equations of two asymptotes to the curve (1). 

Art. 78. Asymptotes in Polar Coordinates. 

If a polar curve has an asymptote, as the point of contact is at an 
infinite distance from the pole, and as the tangent line passes within a 
finite distance from the pole, the radius vector of the point of contact 
is parallel to the asymptote, and the subtangent is perpendicular to the 

asymptote and finite. [See Fig. 18, Art. 74.1 

dO 

Hence, for an asymptote, the polar subtangent r* — is finite for 

r = 00. Therefore, to examine a polar curve for an asymptote, a value 
of $ is found which makes r = 00 ; if the corresponding polar subtan- 



Digitized by 



Google 



TANGENTS, NORMALS AND ASYMPTOTES. 



125 



gent is finite, there will be an asymptote, and if the subtangent is in- 
finite, there is no corresponding asymptote. 

For example, to examine the hyperbolic spiral rB = a for asymp- 
totes. 



If r = 00 in r = 5, then ^ = 0. 

e 



idO 



= — ^, hence 7^?^ = — a, 
dr r dr 

Therefore there is an asymptote parallel to the initial line which 
passes at a distance a from the pole. 

PROBLEMS. 
Examine the following curves for asymptotes : 

Ans, Asymptote, y = — 0?. 



1. 2/^ = a»-ic». 

2. The circle, ellipse, and parabola. 

3. y* = aa* -I- a". 



4. The cissoid, ^ = 



2r. 



7. The lituus, r^i = a. 



Ana, No asymptotes. 

Alls, y = aJ-|-^- 
o 

Ans, aj = 2r. 
Arts, y = — aj-l-Ja. 
Ans, y = Cf and x = b, 
Ans, The initial line. 



8. r cos = a cos 2 $, 

Ans, There is an asymptote perpendicular to the initial line at 
a distance a to the left of the pole. 
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DIRECTION OF CURVATURE. POINTS OF INFLECTION. 
OF CURVATURE. CONTACT. 



RADIUS 



Art. 79. Direction of Curvature. 

A curve is concave towards the X-axis at any point, when in the 
immediate vicinity of that point it lies between the tangent and the 
X-axis. A curve is convex towards the X-axis when the tangent lies 
between the curve and the axis. 




Fio. 19. 

In Fig. 19, let the coordinates of P be (a;', y'). The curve being 
concave downward, the ordinates of the curve for the abscissas x^ ± h, 
h being a very small quantity, must be less than the corresponding 
ordinates of the line tangent to the curve at P. 

Likewise, in Fig. 20, the curve being convex downward, the ordi- 
nates of the curve for the abscissas x' ± h must be greater than the 
corresponding ordinates of the tangent line at P. 

126 
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In either case, let (x' -\- h, y") be the coordinates of P*. 

If y =f(x) is the equation of either curve, then y" =/(«' -h h), and 

y-=f(x^+h)=f(x^-^r(x^h+r(x^l^+r'(x^lt^.... 




Fig. 20. 



The equation of the tangent at P is 

If the coordinates of Pi are («' -f ^, 2/2)? 

2/2-2/'=/(^')[(^' + ^)-aj'] 
Now 2/2 =/(«?')+/' (a?') ^; 

hence 



y"-y,=f"(x^^+f"(x')^+..., 



or if h be taken sufficiently small, 



h" 



y" -y, =/"(»'') il 



(1) 

(2) 
(3) 

(4) 



In (4), 2/'' — ^2 will have the same sign as /"(a:'); therefore, the 
curve is concave to the X-axis if /"(^') is negative, and convex if 
f"(x^ is positive. 

If the curve is below the X-axis, y" and 1/2 are negative, and the 
curve is convex towards the X-axis when — y" -{- y2 is negative, that is, 
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if /"(«') is negative, and the curve is concave towards the X-axis when 
/" (a?') is positive. 



Art. 



Direction op Curvature in Polar Coordinates. 



A curve referred to polar coordinates is concave to the pole at any 
point, when in the immediate vicinity of that point it lies between the 
tangent to the curve at that point and the pole. A curve is convex 
to the pole when the tangent lies between the curve and the pole. 

If p is the perpendicular distance from the pole to the tangent to 

* the curve at a point whose coordinates are (r, $), it is evident from 

Fig. 21, that when the curve is concave to the pole, p incteases as r 

increases ; hence, ^ is positive. 
ar 




Fig. 21. 



FiQ. 22. 



Similarly, from Fig. 22, when the curve is convex to the pole, p 

decreases as r increases ; hence -^ is negative. 

dr 

If the equation of the curve is given in terms of r and 0, the equa- 
tion may be transformed into an equation between r and p by aid of 

Art. 74 (5) ; then the curve is concave or convex, according as -^ is 

dr 

positive or negative. 
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Art. 81. Points op Inflection. 

A point of inflection of a curve is a point where the curvature 
changes from concavity to convexity or the reverse. Hence, at a point 
of inflection the curve cuts the tangent. 

By Art. 79, when /" (x) < 0, the curve is concave to the X-axis, and 
convex when /"(aj)>0; therefore /"(a?) changes sign, and hence 
/" (a;) = or 00 at a point of inflection. 

For example, to examine y = — ^ — for points of inflection. 

^=^^^ = 0; hence 0^ = 2. 
If x<% then ^<0; 

and if x>% then ^>0. 

3 dor 

Hence, f"(x) changes sign at the point whose abscissa is % and 
therefore this will be a point of inflection. 



PROBLEMS. 

1. Find the direction of curvature and point of inflection of 
y = a-{-(x — by, 

Ans. There is a point of inflection at (a, 6); on the left of this 
point the curve is concave, while on the right it is convex. 

2. Examine ^ = a + 36 a^ — 2 ar* — »* for points of inflection. 

Ans, At a = 2, and a; = — 3. 

3. Find points of inflection and direction of curvature of y = — — — • 

Ans. (— 6, — f), (0, 0), (6, f); convex on the left of the first point, 
concave between first and second points, convex between second and 
third, and concave on the right of third point. 

4. Find the direction of curvature of the lituus r = — . 

Ans, Concave towards the pole when r < aV2; 
convex towards the pole when r > aV2. 
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Art. 82. Curvature. 

The total curvature of a curve between two points is the total 
change of direction in passing from one point to the other, and is 
measured by the angle formed by the tangents to the curve at the two 
points. 

The actual curvature of a curve at a given point is the rate of 
change of its direction relative to that of its length.* 




Fig. 23. 

In Fig. 23, let P be any point of the curve AB. The angle 
PTX = \p, or the angle which the tangent at P makes with the X-axis 
is the direction of the curve at P. Likewise the angle P'SX is the 

* Leibnitz defined the curvature of a curve at any point as the rate at which 
the curve is bending, or the rate at which the tangent is revolving per unit length 
of curve. 
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direction of the curve at P'. Then angle TCS = A^ is the difference 
of these inclinations, and if PP* = A«, and the point P* approaches P, 

limit ^ = ^, 
As da 

which is an expression for the curvature. 

If the curvature is uniform ; that is, if AB is the arc of a circle 

whose radius is r, the angle TCS = angle PMP' at the centre subtended 

by the arc PP', 

and 

hence 

therefore ^ = ±. (1) 

as r ' 

Hence, the curvature of a circle is equal to the reciprocal of its 

radius. 

Abt. 88. Radius op Curvature. 

The curvature of a circle varying inversely as its radius, and as 
any value at pleasure may be given to the radius, it follows that there 
is always a circle whose curvature is equal to the curvature of any 
curve at any point. The circle tangent to a curve at any point and 
having the same curvature as the curve at that point is called a circle 
of curvature; its centre is the centre of curvature, and its radius is the 
radius of curvature at that point. 

Denoting the radius of curvature by p, by Art. 82 (1), 

Now it is required to find p in terms of x and y. 
By Art. 27, tani/. = ^: 

hence sec^ il/dij/ = — ^ ; 

dx 

(Py cPy 

therefore (i^=-^ = ^^. (2) 

^ secV l^(^ 
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Substituting in (1) the value of cUff just found and 



ds = cto^l + /"^Y from Art 72, 






(3) 



which is the required radius of curvature. 

If I represents the length of the curve, equation (3) may be reduced 

to the formula p = - — —, 
dx-iPy 

Abt. 84. Radius op Curvature in Terms of Polar Coordinates. 

Formula (3), Art. 83, is first transformed, any quantity t being taken 

as the new independent variable. The values of -^ and — ^ from (2) 

dx dur 

and (3) of Ex. 3, Art. 50, being substituted in (3) of Art. 83, putting 

^ ^ da __ ^ dy 
dff" ' dO dff" die 




d^ 
dff' 



d^y dx _ ^ dy 
dff* dd de^'dO 



(1) 



From the equations of transformation, a; = r cos 0, and y = r sin B, 
by differentiation, 

^ = -rsin^-hcos^^, 
dd d^ 
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Substituting these values in (1), 

5-1 ., (2) 



hi 



which is the required formula. 

Art. 85. Contact of Different Orders. 

Let y=zf(x) and y=z<f>(x) be the equations of any two curves re- 
ferred to the same axes. 

Giving to X a small increment h, and expanding^ 

fix + A) = f(x) +f'(x)h + fix) I +/'"(») I + -, (1) 

^(x + h) = <l,(x) + <l>'(x)h + <l,"(x)^+<l>"'(x)^+'- (2) 

If the two curves have a common point whose abscissa is a, then 
/(a) = <l> (a). If, furthermore, f'(a) = <^'(a), the curves have a com- 
mon tangent ; this is called contact of the first order. 

If, also, f%x) = <l>"(x)y the two curves have contact of the second 
order. 

In general, two curves will have contact of the nth order at a; = a, 
when the following conditions are satisfied : 

f(a) = <!> (a), r(a) = <^'(a), /"(a) = <^"(a), ... /» = r(a). 

If the curves have a common point at sc = a, and if a be substituted 
for X in (1) and (2), and (2) be subtracted from (1), then 

/(a + ^) - <^ (a + ^) = h\:f'(a) - <^'(a)]-|[/''(a) - <^"(a)] 

+ |[/'» -*'»] + ..., (3) 

which is the difference between corresponding ordinates of the curves. 

Now, if these curves have contact of the first order, the first term of 

the second member of (3) reduces to zero ; if they have contact of the 

second order, the first two terms reduce to zero ; and so on. Hence, 
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when the order of contact is odd, the first term which does not reduce 
to zero contains an even power of h, and the sign of the second member 
is the same whether h be positive or negative ; therefore, one curve lies 
above the other on each side of their common pointy and the curves do 
not intersect. But when the order of contact is even, the first term 
which does not vanish contains an odd power of h, and in this case the 
second member changes sign with ^; therefore, one curve lies above 
the other on one side of the common point, and below it on the other 
side, and the curves intersect. 

Abt. 86. Radius of the Osculating Circle, and Coordinates 

OF its Centre. 

It appears from Art. 85, that n + 1 equations must be satisfied 
when a curve has contact of the nth order with another curve. As 
an equation may be made to conform to as many different conditions 
as there are arbitrary constants in it, it follows that the number denot- 
ing the order of contact which any curve may have is one less than the 
number of arbitrary constants in its equation. The general equation 
of the circle has three constants ; hence, at any point of a curve, the 
circle will have, in general, contact of the second order ; this circle is 
called the osculating circle. 

Let the equation of the given curve be 

y =/(?>), (1) 

and the equation of the circle 

(x'-ay+(j!,'-by = t». (2) 

Differentiating (2) twice, 

x'-a+(y'-b)^ = 0, (3) 

If (2) is the osculating circle at the point (a;, y) of (1), 
x' = x and «' = V, ^ = % ^ = ^. 
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Substituting these values in (4)^ and solving for b : 






da? 
From (3), a = «-L— igi-l^ (6) 

Substituting values of (y — 6) and (a? — a) from (6) and (6) in (2), 
after reducing, 

^5 



..hm 



The values of a and b in (5) and (6) are the co5rdinates of the 
centre of the osculating circle, and the value of r in (7) is its radius. 
Hence, by comparison with Art. 83, it will be seen that the osculating 
circle is the circle of curvature and the radius of the osculating circle 
is the radius of curvature. 

Art. 87. The Osculating Circle has Contact of the Third 
Order where the Radius of Curvature is a Maximum or 
Minimum. 

If p is to be a maximum or minimum, by Art. 66, 

^ = 0. 
dx 

Differentiating (3) of Art. 83, 

2\ '^dafj dx\d^) (fo^V ^da^; _^ 



therefore ^= ^^fj (2) 

das' 1+^ 



dm? 
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The same value of -^ as found in (2) will be obtained by differen- 
tiating (5) of Art. 86. Therefore, the given curve and the osculating 
circle have the same value for — ^ at a point of maximum or minimum 
curvature ; hence the contact at such a point is of the third order. 



PROBLEMS. 

1. Find the radius of curvature of the parabola y^ = 2px at any 
point, and the coordinates of the centre of curvature. 



hence 



dx y dx^ 2/* 



y i)« 2)2 

V 



a = x — 



1 + 



3^2 






- = Zx+p. 



.1 



At the vertex, x = and y = ; therefore p=pf a=p and 6 = 0. 

2. Find the radius of curvature of .the ellipse ah/* + 6V = aV, 

3. Find the curvature of y = aj* — 4 oj* — 18 oj^ at the origin. 

Ana, p = 36. 

4. Find the radius of curvature of the cycloid a; = r arc vers - 
— V2ry — y^. Ans, p = 2 V2 ry. 



Digitized by 



Google 



PROBLEMS. 187 

5. Find the radius of curvature of the catenary y = ^ (e" -f e •). 

Ana. p = ~. 

6. Find the radius of curvature of the spiral of Archimedes, r=^aB. 

Ans. (2^±4. 

7. Find the radius of curvature of the cardiod r = a (1 — cos 6), 

Ans, p = fV2ar. 

8. Find the radius of curvature of the ellipse whose axes are 8 and 
4, at a; = 2, and the coordinates of the centre of curvature. 

Ans. p = 5.86 ; a = .38, and 6 = — 3.9. 

9. Find the order of contact of 

a^-3iB2 = 92^-27and3a; = 28-93/. Ans. Second order. 

10. What is the order of contact of the parabola 4y = a* — 4 and 
the circle a^+y^-2y=:3? Ans. Third order. 

11. What is the radius of curvature of the curve 16 ^ = 4 iC* — oJ*, 
at the points (0, 0) and (2, 0) ? Ans. p = 1, and p = 2. 

12. What is the radius of curvature of the curve ^ = 3^4-5^*4-6 a;, 
at the origin ? Ans. p = 22.506. 

13. Find the radius of curvature and the coordinates of the centre 
of curvature of the curve y = e*, at a? = 0. 

Ans. p = 2V2, (a, b)=(- 2, 3). 
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CHAPTER XIII. 

BVOLUTES AND IHVOLUTES. ENVELOPES. 

Art. 88. Definition op Evolutb and Involute. 

The evolute of any curve is the curve which is the locus of the 
centres of all the osculating circles of the given curve ; the given curve 
with respect to its evolute being called an involute. 

Y A 




Fig. 24. 

In Fig. 24, let AB be the given curve, and the centres of curvature 
of P\ P", P'", etc., be respectively Pj, Pj, Pg, etc.; then the curve JOT, 
which is the locus of Pi, Pj, Pj, etc., is the evolute of AB, 

Art. 89. Equation of the Evolute. 

The equation of the evolute is the equation which expresses the 
relation between the coordinates of the centres of all the osculating 

138 
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circles of the involute. The values of -^ and -^ derived from the 

ax dar 

equation of the curve are substituted in equations (5) and (6) of Art. 
86, giving two equations, which, together with the equation of the given 
curve, make three equations involving x, y, a and b ; by combining these 
equations, eliminating x and y, a resulting equation will be obtained 
showing a relation between a and 6, the co5rdinates of the evolute, 
which is the required equation. 




Fia. 25. 



For example, to find the equation of the evolute to the common 

parabola, y* = 2px. 

Here ^=^, ^ = _^'. 

dx y dx^ y^' 

Substituting in (5) and (6) of Art. 86: 



^ = .-^-^=-^;We,^=p*.i. 



(2) 



a = a?-f ^"t^ .-g. J^=i3a;4-p; hence a; = ?^-^ (3) 

The values of ^ and x in (2) and (3) substituted in the equation of 
the parabola, give 



therefore 






(4) 
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Equation (4) is the equation of the evolute. 

This evolute is called the semi-cubical parabola. 

Constructing the evolute, its form and position is as shown in Fig. 
25, where OA^'p, 

If the origin is transferred to Ay the equation becomes V ^- — a®, 
or as a and h are the variable coordinates, the equation may be written, 

^ 21 f^ 

The semi-cubical parabola is so called from the nature of its equation; the 
equation being solved for y gives the function expressed in terms of the variable 
with an exponent of three halves. 



Art. 90. A Normal to Any Involute is Tangent to its 

Evolute. 

Let P', in Fig. 24, be any point of the involute, whose coordinates 
are a' and y\ and let (a, 6) be the coordinates of Pj, the centre of curva- 
ture. Then the equation of the normal at P' by Art. 69 (2), is 

As (1) passes through (a, 6), 

a;'-a+g(t/'-6) = 0. (2) 

Now if P' moves along the curve, Pi moves along the evolute ; hence 
a, h and y^ are functions of x\ 
Differentiating (2), 

But since (a, b) is on the evolute, by Art. 86 (5), 

(,-_,)|^ + l+g=0. (4) 
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Substituting (4) in (3), 

_da_dyd&__Q, or— — — — . 
da' daj' dx^ ' dy' da 

Hence, equation (2), which is the equation of the normal to the 
involute at («', t/'), may be written 

y'-h = f^{x'-a), (5) 

which is the equation of a tangent to the evolute at the point (a, 6). 

Art. 91. The Difference between Any Two Radii of Curvature 

OF AN Involute. 

The equation of the circle of curvature at (x\ y^ is 

(x'-ay-^(y^-by = p\ (1) 

Differentiating (1), y', a, b and p being functions of a?', gives 

(.-_„)_(.._a)£,+ (,'-6)|:,-(,'-.)£ = p|,. (2) 

By Art. 90 (2), x'-a +^,(y' - 6)= 0; (3) 

and by Art. 90 (6), y'-b = ^(x'- a). (4) 

Combining (1) and the square of (4), 

Combining (2) and (3), and the resulting equation with (4), 

Dividing (6) by the square root of (5), and simplifying, 

VdaF+W = dp. 
Hence, if s represents the length of the evolute, by Art. 72, 

ds = dp', 
therefore Ad = Ap, 
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or in Fig. 24, P,P^ = P"P, - P'A, 

or the difference between any two radii of curvature of an involute is 
equal to the included arc of the evolute. 

Art. 92. Mechanical Constbuction of an Involute from its 

Evolute. 

From the two properties of the evolute established in Arts. 90 and 
91, the involute may be readily constructed from its evolute. Thus in 
Fig. 26, if one end of a string be fastened at N and the string be 
stretched along the curve NM having a pencil attached to the other 




Fio. 26. 

end, and then the string be gradually unwound from the evolute, 
always being in tension, the pencil will describe the involute MA, 
Every point in the string beyond N will describe an involute, as R 
describes RS. So while any curve can have but one evolute, as NM 
is the only evolute of MA, it is evident that any curve may have an 
infinite number of involutes. A series of curves having the same 
evolute are called parallel curves. 

Art. 98. Envelopes op Curves. 
If in the equation of a plane curve of the form 
/(«, y, a)=0. 
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different values be successively assigned to a, the several equations thus 
obtained will represent distinct curves, differing from each other in 
form and position, but belonging to the same class, or family of curves. 

Now, if a is supposed to vary by infinitesimal increments, any two 
adjacent curves of the series will, in general, intersect, and the inter- 
sections are points of the envelope. 

Hence, an envelope of a series of curves is the locus of the ultimate 
intersections of the consecutive curves. 

The quantity a, which remains constant in any one curve, is called 
the variable parameter. 




Fia. 27. 

In Fig. 27, let AA\ BB\ etc., represent curves of a series, and a„ 
Oa, etc., their respective parameters ; then if a^ — au a^ — a^ etc., 
diminish indefinitely, the ultimate intersections Pj, P„ Pg, etc., will be 
points of the envelope. And, at the limit, the line Pi, Pj, joins two 
consecutive points on the envelope and on the curve BB', and hence is 
tangent to both the envelope and the curve BB', then the envelope is 
tangent to the curve BB', 

Similarly, it may be shown that the envelope is tangent to any 
other curve of the series. 

Hence the envelope of a family of curves is tangent to each curve 
of the series. 

Art. 94. Equation op the Envelope of a Family of Cubves. 
Let the equations of two curves of the series be 

/(«,y,a) = 0, (1) 

and f(x, Vya-^- Aa) = 0. (2) 
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obtaiiiea isui mr*-* 

•f orm and p os it. .: . , 

adjaeent cnrve 
secticDs are m:: 

Hence, an cr»- 
iiiteisectiOD> :: .-r* 

The qiantr 






and 








'^. values of a? and y in (1), 

(^a)* + (Bb)i = (^« - B«)*, 
)n of the required evolute. 
nation of the evolute of the cycloid, 

x = r yeTS~^^ ~~ V2 ry — y*. 



Ana. a = r vers" 



■(-^) 



+ V-2r6-6«. 



[uation of the evolute to the hypocycloid, 

aj* + y* = ^i 

^ns. (a + 6)* -f (a - 6)* = 2 ^l 

envelope of y* +(x — a)* = 16, in which a is a variable 

Ans. y = ± 4. 

envelope of y = oo? + —, a being the variable parameter. 
a 

Ans. y* = 4:mx. 

-;ht line of given length slides down between rectangular 

I the envelope of the moving straight line. 

ents the length of the line and a and b the intercepts, the 



-4-^-1 



(1) 



. between a and b being 

a« + y = c«. (2) 

entii .ting (1) and (2) with respect to a and 6, gives 

_5da = §d5, (3) 

- oda = bdb. (4) 
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The coordinates of the point of intersection of (1) and (2) will 
satisfy both (1) and (2), and hence will also satisfy 

/(a?, y,a + Aa) -f{x, y, a) = 0, 

and f{x,y,a^^a)-f{x,y,a) ^ ^ ^3^ 

Aa 

As Aa approaches 0, the limit in equation (3) is 

df(x, y, a) _ Q x^v 

da 

Now the coordinates of the point of intersection of two consecutive 
curves satisfy both (4) and (1). Therefore, by eliminating a between 
(1) and (4) the resulting equation is the equation of the locus of the 
ultimate intersections, which is the required equation of the envelope. 

For example, required the envelope of a series of curves repre- 
sented by 

y = aaj-?^V. (1) 

a being the variable parameter. 

Differentiating (1) with respect to a, 

«-^ = 0; (2) 

hence a = -« (3) 

X ^ 

Combining (1) and (2), eliminating a, and reducing, 
which is the equation of the envelope. 



PROBLEMS. 

1. Find the equation of the evolute of the ellipse 

Ay + S'x'=::A'B'. (1) 

Here 3^ = -^, and ^ = -4-; 

dx ^y dx" Ay' 
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Substituting these values of x and y in (1), 

(Aa)i 4- (^ft)* = (A' - B«)*, 
which is the equation of the required evolute. 

2. Find the equation of the evolute of the cycloid, 

« = r vers"^?!^ — V2 ry — y^, 
r 

Ans. a = r vers"^[ — ]+ V— 2r6 — h\ 

3. Find the equation of the evolute to the hypocycloid, 

Ans, (a + 6)' -f (a - 6)* = 2 A^. 

4. Find the envelope of ^ -f(a; — a)* = 16, in which a is a variable 
parameter. Ans, y = ± 4. 

6. Find the envelope of 2/ = oo? + ^, a being the variable parameter. 

a 

Ans, y* = 4:mx, 

6. A straight line of given length slides down between rectangular 
axes ; required the envelope of the moving straight line. 

If c represents the length of the line and a and h the intercepts, the 
equation is 

the relation between a and h being 

a«4-6* = c». (2) 

Differentiating (1) and (2) with respect to a and 6, gives 

-!*» = § A (3) 

and — oda = bdb. (4) 
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Dividing (3) by (4), 

a b a b 






hence 



a = (ojc*)*, 

and b = (yc*)», 

which substituted in (2), gives 

a;» + y» = c*, 

which is the equation of the hypocycloid. 

Y 




Tia. 28. 

7. Find the envelope of a series of concentric ellipses, the area and 
direction of axes being constant. 

Ana, If c = area, the equation of the envelope is a^ = ± ^• 

8. Find the envelope of a? cosa H-y sina=p, in which a is the 
variable parameter. Ans. a? +^=^P^' 
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CHAPTER XIV. 
SINGULAR POINTS. 

Abt. 95. Definitions. 

A singvlar point is a point of a curve which has some peculiarity 
not common to other points of the curve, and not depending on the 
position of the coordinate axes. 

The most important singular points are : 

1st. Points of maximum and minimum ordinates; 2d. Points of 
inflection; 3d. Multiple points; 4th. Cusps; 5th. Conjugate points; 
6th. Stop points ; 7th. Shooting points. 

Points of maximum and minimum ordinates have been considered 
in Chapter X., and points of inflection in Art. 81. 

Art. 96. Multiple Points. 

A mvUiple point is a point common to two or more branches of a 
curve. 

There are two species of multiple points: 1st. Points of multi- 
ple intersection, or where two or more branches of a curve intersect ; 
2d. Points of osculation, or where two or more branches are tangent 
to each other. 

Multiple points are double, triple, etc., as two, three,, or more 
branches meet at the same point. 

At a multiple point there will be as many tangents, and therefore 

as many values of -^ as there are branches. If the values of --^ are 
da? dx 

unequal, the multiple point will be one of the first species, but if the 



dy 

147 



values of -^ are equal, it will be one of the second species. 
dx 
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Let 



«* =/(«> y) = 



(1) 



be the equation of the curve freed of radicals. 



Then, by Art. 47, 



dy 
dx' 



du 
dx 
du 



And since differentiation never introduces radicals when the func- 
tion contains none, the value of -^ cannot contain radicals, and there- 

dx 


fore cannot have more than one value unless it assumes the form q* 

Hence the condition for a multiple point is -^ = - • 

Therefore, to examine for multiple points, -^ and -^ as obtained 

ox ay 

from the equation of the curve are placed equal to zero, and the corre- 
sponding values of x and y are found. If these values of x and y are 

real and satisfy (1), they may determine multiple points. Then — = - 

dx 

is evaluated for the critical values of x and y, and every real value 
determines one branch passing through the multiple point. 



PROBLEMS. 

1. Examine the curve y^ — {x — ayx = for a multiple point. 



Here 



and 



^ = - 2(a; - a)a; - (a? - a)« = 0; 
ox 



(1) 
(2) 



Solving (1) and (2) for x and y, gives 

, and 



x = a 
3^ = 






But only the first point is to be examined, as the second point does 
not satisfy the equation of the curve. 
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dy _ — 2 (a; ~ g) ag — (ag ~ g)' 3ag~g 

dx" 2y "■ 2Vi 

= ± Vg, when a? = g. 

Therefore the multiple point is a double point of the first kind, as 
shown in Fig. 29. 




Fig. 29. 



2. Examine the curve a?* -|- 2 aa^y — gy* = 0, for multiple points. 
du 



^ = 4a» + 4ga^ = 0; 
ox 

P = 2a!xi'-3ay' = 0. 

9y 



(1) 
(2) 



Combining (1) and (2) gives three pairs of values for x and y, but 
the only pair that satisfies the equation of the curve is (0, 0). 



dy _ 4 a?^ + 4 ga^ __ 
da?""3gy*-2gaj*'"0' 



, when 



(a; = 



Evaluating by Art. 59, and representing -^hj p and -^ ^J p\ 

dx dx 



and 



CLX 

dy_ 127^ -^4:ay-\-4:axp ^0 ^^enl^^^ 
dx ^ eayp-4:ax O' iy = 0, 

_ 24a; + 8gpH-4gay^ ^ Sap ^y^^^ faj = 
6gp*-f6gyp'-4g 6gp*-4g' ly = 0. 

Hence 2)(6gp* — 4g)=8gp; 

p = ^ = 0, -hV2, and -V2. 
aaj 



Therefore there is a triple point of the first kind at the origin. 
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3. Examine ^ = aV — a?* for a multiple point. 

Ans, There is a double point of the first kind at the origin where 

ax 

4. Show that the curve ?/* = ar* + «* has a point of osculation at the 
origin. 

Art. 97. Cusps. 

A cusp is a point at which two branches of a curve are tangent to 
each other and terminate. 

Cusps are therefore multiple points of the second species. 

There are two kinds of cusps : 1st. When the two branches lie on 
opposite sides of the common tangent; 2d. When the two branches 
are on the same side of the common tangent. 

Since a cusp is a particular kind of multiple point, curves are 
examined for cusps as for multiple points. But as a cusp is dis- 
tinguished from a multiple point by both branches stopping at the 
point, the curve must be traced in the vicinity of the point in question 

to determine a cusp. If the two values of — 4 at the cusp have con- 

trary signs, the cusp is of the first kind, and if they have the same 
sign, the cusp is of the second species. 

The vertex of the semi-cubical parabola is a cusp of the first kind. 
[See point A, Fig. 25.] 

The curve (y — a^^ = aj* has a cusp of the second species, determined 
as follows : 

Taking the square root of each member of the equation, 

y = ^±x^', (1) 

''lence ^ = 2ic±fa;4, (2) 

dx 

and §=2±i^aji. (3) 

aor 

In (1), if a? = 0, then y = ; if a; is negative, y is imaginary ; if a? is 
positive, y has two real values. Hence, the curve has two branches on 
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the right of the Y-axis which meet and terminate at the origin, 
locus of the equation is shown in Fig. 30. 



151 

The 




In (2) 3^ = 0, when a? = ; hence the X-axis is tangent to both 
dx 

branches, and there is a cusp at the origin. 

In (3), when a value slightly greater than is substituted for x, the 
two values of -^ are both positive ; hence the cusp is of the second 



d^ 



species. 



98. Conjugate Points. Stop Points. Shooting Points. 

A conjugate or isolated point is a point whose coordinates satisfy 
the equation of a curve, but through which the curve does not pass. 
As the conjugate point is detached from the curve, if the substitutions 
of a -f 6 and a — 6 for a; in the equation of the curve, b being very 
small, give imaginary values for y, then there is a conjugate point 
whose abscissa is a. 

Or, if at any point whose coordinates satisfy the equation of a 

curve, -^ is imaginary, this point will be a point through which no 
dx 

branches pass, and hence will be a conjugate point. 

For example, to examine ^ = (a; — l)^(a; — 2) for conjugate points. 

The point (1, 0) will be such a point, for if some value a little 
greater or a little less than 1 be substituted for x in the equation, the 
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resulting value of y will be imaginary, yet the point (1, 0) satisfies the 
equation. Or by the second method : 

dy _ 3 a; — 5 

Now the point (1, 0) which satisfies the equation of the curve 

makes -^ imaginary, and hence is a conjugate point. 
dx 

In Fig. 31, MN is the curve and P is the conjugate point. 

A 8t€)p point is a point of a curve at which a branch suddenly ends. 
For example, to examine y = x log x for a stop point. Here, for any 
positive value of x, y has one real value ; when x = 0, y = ; when x is 
negative, y is imaginary ; therefore the origin is a stop point. 




Fia. 31. 

A shooting point is a point of a curve at which two or more branches 
terminate without having a common tangent. 

For example, to examine y = x tan~^ - for shooting points. 

X 



Here, 



^ = tan-^l ^. 

dx a; 1 -I- a* 



Whenaj=sO, then w = 0. and ^=±5- 

dx 2 
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If a; be positive and approach zero as its limit, ultimately ^ = and 

—2 = ^; but if X be negative, ultimately 2^ = and-^ = — ^. Hence 
dx 2 dx 2 

two branches meet at the origin, one inclined tan"* [ - j and the other 

inclined tan~*[ — ^\ Therefore the origin is a shooting point. 

Stop i)oint8 and shooting points occur only in transcendental curves, 
and may be discovered in any curve by tracing the curve in the vicin- 
ity of the singular points. 
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CHAPTER XV. 

INTEGRATION OF RATIONAL FRACTIONS. 

Art. 99. Rational Fractions. 

A rational fraction is one whose numerator and denominator are 
rational. If the degree of the numerator is equal to or greater than 
the degree of the denominator, the fraction can be reduced by division 
to the sum of several integral terms and a fraction whose numerator is 
of a lower degree than its denominator. For example, 



in which the last term is the only fractional term. So it is necessary 
to consider only rational fractions in which the degree of the numera- 
tor is less than the degree of the denominator. 

A rational fraction is integrated by decomposing it into a number of 
simpler partial fractions, which can be integrated separately. 

Case 1. When the denominator can be resolved into n real and 
unequal factors of the first degree. 

Let ^-^ dx represent a rational fraction, whose denominator may . 

be resolved into the factors (aj — a), (aj— 6), ••• (a? — Q, real, imequal 
and of the first degree. 

Assume /^^^L + _^ + _^ ... i (1) 

il>(x) a; — a x—b x — c x — I 

in which A, B, C,-*- L are undetermined coefficients. Clearing (1) of 
fractions, 

f(x) = A(x-b)(x-c)'"(x-I) + B{x ^a)(x^ c) ... (a; - Z) + - 
+ L(x-a)(x-h)'"{x-k). (2) 

Performing the indicated operations in (2) and equating the coeffi- 
cients of like powers of x in the two members by the Principle of 

154 
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Undetermined Coefficients, will give n equations from which A, B, C, 
etc., may be obtained. 

Or since (2) is true for all values of x, a may be substituted for x, 
which gives 

A = ^^ (3) 

By substituting b for x, the value of B is obtained, and so on; 
finally when I is substituted for x, it follows that 

z= m (4) 

These values of A, jB, G, etc., are substituted in (1), dx is intro- 
duced as a factor in each term, and each term is then integrated. 



PROBLEMS. 

1. Find C^±§^llLc^. 
J XT '\-ar — ijx 

aj8 + aj« - 6aj = 05(0; + 3)(x - 2). 

Assume ^-^x-l ^A J3_ _C_^ ^^. 

o^-^a^-ex x^x-{-3^x-2 ^^ 

Therefore a? '\-X'-l = A(x + S)(x -'2)'\- Bx(x - 2) -h Cx(x-\-S). 
Substituting x = 0, gives — 1 = — 6 ^ ; hence A = i. 
Substituting a = — 3, gives 5 = 15 jB ; hence B = \, 
Substituting a? = 2, gives 5 = 10 C ; hence C=^. 

Substituting these values of A, B and C in (1), introducing dx, and 
taking the integral of each member, 

/ a?^-f g-i ^^ 1 rdx . 1 r egg t 1 C ^x 

= ilog« + ilog(aJ + 3)+ilog(aj-^2) 
= log[aj*(aj + 3)*(«-2)i]. 



2. f(^±^^\ogi{x^inx^3n 
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Jai'-5x' + 'k * '^a? + x-2 

r dx ^J_i /a+jg\ 
J a*-b'a? 2ab ^\a-bxj 

r{2x + 3)dx^, (x-l)i ^ 

Case 2. When the denominator can be resolved into n real and 
equal factors of the first degree. 

I^t •^^^ dx represent a rational fraction whose denominator can be 

resolved into n factors each equal to a; — a. In this case the method 
of decomposition of the preceding case is not applicable. Take^ for 

example, ^ ^, * 

Forming the partial fractions as before would give 

27?^x ^ A ^ B ^ C .jx 

{x — af x — a x — a oj — a 

But if the fractions in the second member are added, 

2a^ + x ^ A-^B+C ^2^ 

(x-ay x^a ' ^^ 

in which A-\-B+ C must be regarded as a single constant, and evi- 
dently (2) cannot be an identical equation, as this would give three 
independent equations containing but one quantity, ^ -f JB + 0, to be 
determined. 

The partial fractions are assumed as follows : 

m.^ ^ B c +..._.^. (1) 

<^(ic) (x-aY {x-ay-^ (x-ay^ («-a) 

Clearing (1) of fractions, 

f{x) = A-^B{x-a) + C(x - ay + ...i.(ar - a)"-\ (2) 
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The values of A, B, C, etc., in (2), are found by the Principle of 
Undetermined CoefKcients, then substituted in (1), after which dx is 
introduced, and each term is integrated separately. 



PROBLEMS. 



J (X-: 



1. Find |' ('^ + ^-) da!. 
1)» 



Assume ^ + ^ - ^ i ^ i ^ 



(a;-l)»~(a!-l)» (x-l)* ' (x - 1) 
Hence x' + l = A + B(x-l) + C{x-iy 

= A+Bx-B+Ca?-2Cx+C. 
Therefore 0=1, B-2C = 0, a,ni A- B + G = l; 

whence (7 = 1, B=2, and A = 2. 

Therefore f^^^,dx= C-l%+ f-^^+ f^ 

J (x — ly J (x — ly J (x— ly j (x — i) 

1 2 



-I- log (a -1). 



(a; _ 1)2 a? - 1 
2^ f(3a^-2)da:^12x4-19 31 (^ ^) 

J ix+2y (x-h2y ^ ^^ -^ ^ 

When the denominator of a rational fraction may be resolved into 
both equal and unequal factors of the first degree, the two methods 
must be combined. 

r a?dx ^ _ 5a; + 12 w/a^ + A' 

■ J (« + 2)»(a! + 4)» a? + 6x + S \x + 2j 

J(a^-2)» 4(x^-2)^8V2 ^ : 



(a^-2)» 4(x^-2) 8V2 a;-V2 
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Case 3. When some of the simple factors of the denominator are 
imaginary. 

As the denominator is real, the imaginary factors must occur in 
pairs, and of the forms 

a? ± a -j- 6V— 1, and x ±a-~ 6V— 1, 

whose product is the real quadratic factor 

(x±ay + V. (1) 

For a single quadratic factor such as (1), the corresponding partial 

fraction will have the form ^ — — , because each fraction of this 

(x ± ay -f b^ 
form increases by two the degree of the equation when it is cleared of 

fractions and therefore increases by two the number of the equations 

for determining A, B, C, etc. ; hence its numerator should add two to 

the number of these undetermined constants. 

If the denominator contains n equal quadratic factors, being of the 

form [(a? ± a)« -f &*]**, 

the partial fractions may be assumed as follows : 

f(x)_ Ax-irB Cx-hD Kx-JrL ' r^. 

The values of Aj B, G, etc., are determined from (2), as in the pre- 
ceding cases. 



f x'dx 



PROBLEMS. 



2 



Assume _^^^4-^ + %±^ 

Hence ^ = -i, ^ = h C=^0, i> = f 

/ a^dx ^ 1 r dx 1 r dx 2 r dx 
a^^x'-2 eJ x-^1 eJ x-l sJ x'-h* 

= ilog?j4 + ^tan-^-^. 
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2. f. ^^__ = iarctan(» + log^±M 

3. r 2£d5 =log(^±l\K 

^ . + ilog(a!« + l). 



4(ar' + l) 
J{x'+l)(a^ + x + r) ^ '^ x' + l ^V3 V3 
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CHAPTER XVI. 

INT£GRATION OF IRRATIONAL FUNCTIONS. 

Art. 100. Irrational Functions. 

Very few irrational functions are integrable. When an irrational 
function cannot be directly integrated by one of the elementary formu- 
las, an effort is made to transform it into an equivalent rational func- 
tion of another variable by making suitable substitutions. When the 
rationalization can be effected, the integral may be found. 

Art. 101. Irrational Functions containing only Monomial 

Surds. 

An irrational function containing only monomial surds may be 
rationalized by substituting for the variable a new variable with an 
exponent equal to the least common multiple of the denominators of 
the fractional exponents in the function. 

/„ J __ 2 /r* 
—-dx. 
1 + xi 

Assume a? = «•; then x^ = 2*, a* = a;*, and dx = 67fidz. 

Hence 

= 6C{}f-2^-^ + 2l^ + l^-2z-l+^±l^d^ 

= i£_22«-|ii;« + 3i?«+22»-62»-62 
+ 6 log(«» + 1)+ 6 arc tan iS 

-h 6 log (aj* 4- 1) + 6 arc tan aj*. 
160 
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PROBLEMS. 
1. I — dx = ^xt-ix^. 

2. r-^=-4+iog^i±i)i 

• •^ x* 4- «* aj* * 

4. r4±idaj = -4+^-h21ogaj-241og(a:A + l). 
•^ «« 4- a* a;* ajTi 

6. r?£lZl^da; = 12(faj*-Ja;J + V^«*-9a;i) 

+ 1908 [^a;A _ |aji + 3aji - ^ a* + 81 ajA _ 243 log {x^ + 3)]. 



Art. 102. Functions containing only Binomial Surds op the 

First Degree. 

A function which involves no surd except one of the form (a + bxy 
can be rationalized by assuming a + bx = z'^y sis follows : 



Let/(aj, -Va + bx) be the function. 



Assume z = -s/a-^bx; 

then 2" = o + ^«, 

m^-^dz = bdx, 



dx = 
And x = 



b 
2"— a 



b 



Therefore (/(«, ^a -f- 6a;) da? = if^^T^h^' zV-'cfo, 
which is rational, and therefore can be integrated. 
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PROBLEMS. 
- r xdx 

^ Vl+OJ 

Assume 1 -f- « = 2*; then a? = 2* — 1, and (te = 2z6z. 
Hence J^^^J2(z'-l).d.^^J(^^_ ^^ 

= 1(1 +a;)i- 2 (! + «)*. 



da ,„„ Vl+as —1 



2. f ^_ = log 

•^ a;Vl + « VI + « + 1 

3. C{^ + V«T2 + ^35 + 2) (to 

= i(a! + 2)«-2(a! + 2)+|(a; + 2)* + f(x + 2)i 

4. p'^gi^ = » + 4 Vi + log (^31). 

^ C ydy |(4^^y)(2r-y)*. 

•^ (2r-y)* 

* •^(4a;4-l)* 12(4aj + l)** 

Assume z = V 1 4. VI — a:. 

Art. 103. Functions having the Form -, in which n is 

(a H- 6a^^ 
A Positive Integer. 

Expressions of this form may be integrated as in Art. 102. 
For example, find I — « 

Assume 1 — a^ = 2^ ; then a^ = 1 — 2*, and xdx = — zdz. 
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Therefore J^'^^ = __^{l--^zdz = _ J(i _ ^ ^^ 



Art. 104. Functions having the Form fix, ^ r^"^ ]dx. 
In this form the assumption may be made 

that z = J^±^; 



then 



ax -\-b 



cx 



A b — dz'' 

and X = - — ^ I 

c?" — a 

therefore ^ ^ n (ad - 6c) z-> ^^ 

(ca;" — ay 

The substitution of these values will make the function rational. 



PROBLEMS. 
J r a^dx _ 30^ + 2 

•^ (l-f-aJ^* 3(l4-«*)* 

'•-^(2-h3a^* 27(2 4-3aj«)* 



Ja^ + 



2V3-«« 



= ilog (V3 - aj* + 1) -h i log (V3-^ - 3). 



r s/ T-^ da; ^ 3 8//1 - a;Y 
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Abt. 105. Functions containing only Trinomial Surds of the 
Form Va + to + cjb*. 

Case 1. When c is positive. 



After factoring out Vc, the surd may be written y/ A -f- 5x -f- ic*. 



Assume V-4 -|-JBa?-|-aj' = 2 — a; 

7?-A 



then -4 + -Bx = «* — 2«c, 05 = 



B^2z 



and ^^2(^ + ^.4-^)cto, 

(-B-I-2Z)* 

Therefore -jA^Bx^^ = « - f ""^ = t±^?L±A. 

B-^2z 2z-\-B 

Thus the given function may be transformed into an equivalent 
rational function of another variable. 

Cask 2. When c is negative. 

After taking out the factor Vc, the surd may be written 



VA + -Ba; - «*. 
Assume a and fi to be roots of the equation a^ — Bx — A=iO; 



then Var^ — Bx — A = V(a5 — a)(a5 — p), 



and V^ + ^« - aj2 = V(a - a)08 - «)• 



Let V(a — a)03 — x) =(x — «)«; 

then (x — «)(/? — a;) = (05 — a)V, 

x = ?^±i, 
z'-hl' 

o^^ /7^ 2z(a- P)dz 

and ^^= (Wl? ' 

Therefore y/A-^Bx-a^ = (a; - a) 2 = ^^^}^ ' 

r-f-l 

Thus the given surd is expressed in rational terms of another vari- 
able. 
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PROBLEMS. 



I. Find f 



dx 



VA 4- ^a + ic* 



Substituting the values of dx and -VA + £«+«* as found in Case 1, 
gives 

/ dx ^ r2(z^-\-BZ'{'A)dzx(2z-\-B) 

y/A^Bx^a^ J (B-^2zyx{s^-^Bz-^A) 

= log r| + » + ^A + Bx + ail (1) 

If B = 0, (1) becomes 

/-^ = log [a> + VZT^]. (2) 

If ^ = 1, (2) becomes 

r~-^=log[a: + VlT^]. (3) 

•^ Vl+ar 



2. Find * '^ 



Bx-a? 



Substituting the values of dx and -y/A + Bx — a? as found in Case 2, 
gives 

^/A + Bx-3*- J (f + iy(fi-a)z Jl+z' 

= — 2 arc tan z = — 2 arc tan\/ P ~ '" • 

^ X— a 

3. f ^ - =ilogr3 + 2a!-l-2V2-^3a!-l-a:n- 
•^ V2 + 3a; + ar' 

4. r ^ =2arccot('g^f. 

5. f— ^=3=log(i + a; + V^?+^). 
*^ Vn^ + x 
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6. r '^ ^-^arctanf^^Y 

^(l+a!^Vl-x» V2 Wl-W 

J X y/a^ ^ J V a \ bx J 

0,-1 log (^«'"+^^+-^\ 
a \ X J 

Art. 106. Binomial Differentials. 

Binomial differentials have the form af (a 4- bx'^ydx, in which m, n 
and p are any numbers, positive or negative, integral or fractional. 
1st. If m and n are fractional, and the differential has the form 

a I 

Q^ (a -{- barydx, 
» = 2J^ may be substituted, and the expression becomes 
2" (a 4- bz^yrtz'*-'^dz = r«2r'+'^-^(a + bz^ydz. 
2d. If n is negative, and the differential has the form 
ar(a -h bx-ydxy 
x = - may be substituted, and the expression becomes 
or (a 4- bx-'^ydx = — z-'^-^{a 4- bzydz. 
Hence, any binomial differential may be transformed into another, 
having integers for the exponents of the variable, and having a positive 
exponent for the variable within the parenthesis. 

In the following articles every binomial differential is assumed to 
have this reduced form. 

Art. 107. Conditions of Integrability of Binomial 
Differentials. 



As the exponent of the parenthesis is any number, let it be repre- 

aay be written 
p 



sented by -, and the form may be written 
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1st. Assume (a-h6a^) = 2«; 

p 
then (a + hTf'Y = 2f , (2) 






a" 

\ ^ y ' 

1 



and da. = _?-2«V?!ZY dz. (4) 

no \h J 

Substituting the values from (2), (3) and (4) in (1), 

a" (a + byf^dx = 4 gf +«-l/^5l^^ " dz, (6) 

ri6 \ ^ / 

which is rational when 2L±_ is an integer or 0. 

n 

2d. Assume aa"" + 6=:2«; (1) 

1 1 

then a; = a"(2;« — 6) *, 

aJ» = a(2«-6)-^ (2) 

m _m 

1 1 J 

and da; = -2a»(2;«-6) "" 2;«-»cte. (4) 



Multiplying (2) by &, adding a, and taking the ? power, 

(a 4- 6aJ")« = a» (a;* - 6) "'12^. (5) 

Taking the product of (3), (4) and (5), gives 

iT (a + 6a:")«dJaj = - ? a" ' "(aj' - 6) ^ *» « ^ai^^+'-^d^, 
n 

which is rational when ^"^ -f- ^ is an integer or 0. Therefore, the 

n q 

binomial differential can be rationalized : 
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1st. WTien the exponent of the variable without the parenthesis, in- 
creased by one, is exactly divisible by the exponent of the variable within 
the parenthesis, 

2d. WTien this fraction increased by the exponent of the parenthesis is 
an integer. 



1. FmdrV(2 4-3aj»)i(fo:. 



PROBLEMS. 



Here !?L±l-l = ^-l = 2; 

n 2 

therefore the first condition of iutegrability is satisfied. 

Hence, let (2 + 3aj*) = 2*; 

then (2 4-3a^^ = 2^ 

^-2\| 



■=r-f^y 



and da:== 



27^7 6 3 J 

+ |(2 + 3a0^]. 
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7. raj*(a + aO*^= A(« + ^^ - ^(a4- aO*« + f (a + a^^aK 

PRACTICAL PROBLEM. 

A vessel in the form of a right circular cone is filled with water and 
placed with its axis vertical and vertex down. If the height = A, and 
radius of the base = r, how long will it require to empty itself through 
an orifice in the vertex of the area a ? 

Neglecting the resistances, if the vessel is kept always full, the 
velocity of discharge through an orifice in the bottom is that due to a 
body falling from a height equal to the depth of the water. If v 
denotes the velocity and x the depth of the water, 

V = V2 gx. 

If dQ denotes the quantity discharged in the time dt through an 
orifice of the area a, 

dQ ==adtV2gx. 
But in the time dt the surface whose area is S has descended the 

distance dx, thus 

dQ=Sdx, 

Hence Sdx = adtV2 gx, 

,, Sdx 
or dt = — 

aV2gx 
At the distance x from the vertex, 



^=k^ 



Therefore t = f ^^^^^ = 2^r^. 
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CHAPTER XVll. 

INTE6SATI0N BY PASTS, AND BY SUCCE8SIVS REDUCTION. 

Abt. 106. Integration by Parts. 

Integrating both members of d(uv) = udV'{'Vdu, and transposing, 
i udv=zuv ^ ivdu, (1) 

Equation (1) is ihe formula for integration by parts. 
By this formula, | udvia made to depend on i v dti, and this new 
integral is frequently much simpler than the given one. 

PROBLEMS.^ 
1. Find j(3tf log xdx. 
Let u = logaj, and dv = x^'dx'y 

then du = — , and v = 



X n-f-l 

Substituting these values in the formula for integration by parts, 

2. I log a;c?a; = a;(logaj — 1). 

3. Co sinOdO = — $cosO-{- sin $, 
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INTEGRATION BY PARTS. 171 

4. ri2£52££l^ = ioga,.logaogx)-log». 

6. J arc sin a; da? = iB arc sin 05 + (1 — a^*. 

7. I oleosa? c2a;=: 0? sin a; 4-008 X. 

8. I a; tan* a? daj = aj tan a — — 4- log cos a?. 

J \ a (T or J a - 

Art. 109. Formulas of Reduction. 

When the integral, j x\a 4- bafydx, 

satisfies either of the conditions of integrability as given in Art. 107, it 
may be rationalized as explained in that article and then integrated. 

But by means of certain formulas of reduction, derived by the aid 
of the formula for integration by parts, the given expression may be 
made to depend upon simpler integrals of the same form. This method 
is called integration by successive reduction, and the integrals given by 
this method are generally in convenient form for integration between 
limits. 

1. FormtUa A. 

Assume j of (a 4- bafydx = I udv = uV'- tvdu. (1) 

Let dv = af-^a + bafydx, then u = aJ*-*+\ 

Hence v = (^ + b^T''^ ^nd dw = (m - n + 1) x^-*dx. 
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172 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Substituting in (1), and putting a -f 6af = X, 

Now raf—»X''+*daj= fa-'—X'Ca -f- ftaJ") c?a 

= a CQi!r-''X''dx + 6 fxTX'dx. (3) 

Substituting in the right member of (2) the value from (3), 

J nb(j)-^l) nb{p-{-l) J 

n(i> + l) J 
Transposing the last tenn to the first member and solving for j oc^X^dx, 

J 6(iip+m4-l) 6(np4-m + l)^ 

By Formula (-4), the given integral is made to depend upon another 
of a similar form, having the exponent of x without the parenthesis 
diminished by the exponent of x within. 

2. Formula B. 

CorX^dx = jVx' -^ (a -\-baf)dx 

= a Cx'^X^'-^dx + b JV+'X^-'cfar. (1) 

Applying Formula (A) to the last term of (1), by substituting m-\-n 
for w, and p — 1 for />, 

•/ np H- m -+- 1 np + m 4- 1»^ 

which substituted in (1), by uniting similar terms, gives 

*/ 7ip 4- m 4- 1 np 4- m 4- 1*/ 
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INTEGRATION BY SUCCESSIVE REDUCTION. 173 

By Formula (B), the given integral is made to depend upon another 
of a similar form, having the exponent of the parenthesis diminished 
by unity. 

Formulas (A) and {B) fail when np -f m + 1 = 0, but in this case 

^"^ +p = ; hence the method of integration of Art. 107 is appli- 

n 
cable. 

3. Formula G. 

Solving Formula {A) for | ^"•"■''X'c^, gives 

J a(m — n-fl) a(m — n-fl)*/ 

Substituting — m for m — n, 

J — a(m — 1) — a(m — 1) */ 

By Formula ((7), the given integral is made to depend upon another 
of a similar form, having the exponent of x without the parenthesis 
increased by the exponent of x within. 

Formula (C) fails when m — 1 = ; in this case 

m = 1, and — m + 1 = ; 

hence the method of integration of Art. 107 is applicable. 

4. ^Formula D, 

Solving Formula {B) for j mfX^'^dx, gives 

J anp a7ip J 

Substituting — p for i> — 1, 

Ca^X-'dx = '^;'^-';' - i^ + n-np + l) r^x-^^ox. (D) 
J an{p—l) an{p — l) J 

By Formula (Z>),the given integral is made to depend upon another 
of a similar form, having the exponent of the parenthesis increased by 
unity. 

Formula (D) fails when p — 1 = 0, but in this case the integral 
reduces to a fundamental form. 
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174 DIFFERENTIAL AND INTEGRAL CALCULUS. 

PROBLEMS. 

1. Find r ^^ . 

Here m = 3, n = 2, p = -^, a^c?, and 6 = -l. 
Substituting these values in (^), 

Herem = 0, n = 2, -p = -3, a = l, and & = 1. 
Substituting these values in (Z>), 

J(l+aO-^da: = ^(^ + ^"V f/(l + a:^-»(to. (1) 

Applying (Z>) to the last term of (1), making m=0, n=2, -p = -2, 
a = 1, and & = 1, 

~ + ^ arc tan x. 



Therefore C , ^ = 5 I ^ ^ I t arc tan 

. Find f- 



8 



6x 
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PROBLEMS. 175 

Here — m = — 3, n = 2, p^ — ^y a = a*, and 6 = — 1. 

Substituting these values in (C), 

By Art. 105, Ex. 8, 

fa — Va* — J 



/«-<»"->^-'*=5>«<^=T=^' 



- arc sin — 
2 a 



arc sin-- 
a 



Therefore f— ^ ^^l^+-L logf «-V^^ . 

JVa«-a^ 2 2 

6. J (1 — x»)^(to = ia!(l — a!^^+f«(l-a!^* + farcsinx. 

7. rV(o» + aO*« = s Va«T^ + ^' log (a; + Va' + a;*). 

8. f ^'^ da: = -Vg! + M + i^Vn^. 

9. ra!*(l -«*)*<&! = ^a!(2a!«-l)(l-a^*+|arcsinx. 

10. rir»(H-«»)tda; = i^^Il2}^^^^f 
^ 3 • 5 

-'aj'Vl + a! « Wl+a; + l/ 

12. C—^ ^f-^— + ^'1 ^ 

*^(o + 6!r»)J \.o + 6a!» a_/ 3 a Va + 6a!« 

-'V2^F=1? \,3 6 2; ^ a 

Bemark. Reduce I — to the form J ic*(2o— a;)"W 
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176 DIFFERENTIAL AND INTEGRAL CALCULUS. 

14. f_,^^ = -^±^V2^S31? + |a'arcvers? 



16. 



(l-a^i 2(1 -a^^ 

r--^ = -A(3a- + 4a- + 8)Vn^'. 
•^ Vl — ar 



16 

" Vl-a^ 
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CHAPTER XVIIL 

INTS6RATI0N OF TRANSCENDSNTAL FUNCTIONS. INXSGKATION 

BT 8SRIES. 

Art. 110. Introduction. 

The method of integration by parts gives important reduction 
formulas for transcendental functions. Only a comparatively small 
number of logarithmic and exponential functions can be integrated by 
general methods. It is frequently necessary to resort to methods of 
approximation. Some of the principal integrable forms will be given 
in this chapter. 

Art. 111. Integration op the Form j f{x) (log xydx. 

It is assumed in this form that f(x) is an algebraic function and n 
is a positive integer. 

Let f(x)dx = dv, and (log xy = u\ 

then I f(x)dx = v, and n(log a?)"~^ — = du. 

J X 

Substituting these values in j wdv = wv — j v dw, 
J/(»)Gog a?)"d» =(loga;)»J/(aj)da;- J'[ri(loga;)"--^^J'/(»)cte] ; 
or, by making J f(x)dx = X, 

JV(»)(logaj)-daj = X(loga)- - n f— (log a;)"-idaj. (1) 

Hence, whenever it is possible to integrate the factor f(x)dXy the 
given integral will depend upon another of a similar form, in which 
the exponent of the logarithm is diminished by unity. By repeated 
H 177 
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178 DIFFERENTIAL AND INTEGRAL CALCULUS. 

applications of this formula the given integial will depend finally on 
the algebraic form j ^ (x) dx. 



PROBLEMS. 



1. Find CxQogxydx. 

Let xdx = dv, and (log ar)* = « ; 

then — = r, and 2 logx - - = du, 

2 X 

Hence Cx(\ogx)*dx = —Qogxy— Ca^logx — • 

Similarly, fir log xdx = -(}ogx)^ C~ ^ 

Therefore fx (log xydx = ^ (log a:)* — ^ log x + ^. 
•/ 2 2 4 

2. JV(logx)VZx = ^(log»x--Jloga;4-A). 

5. /^(log.)'d.= -^[(log.).-_l^loga,4-^,]. 

Art. 112. Integration op the Form I ocTa'^dx, 

In this form it is assumed that m is a positive integer. 
Let a**dx = dv, and ic" = w; 

then — T ±=v, and maf^da; = (it«. 

nloga 

Therefore Carar'dx = ^"*^*" ^!!^- C^-^aTdx, 

J nloga nloga*/ 
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INTEGRATION OF TRANSCENDENTAL FUNCTIONS. 179 

By successive applications of this formula, the exponent of x can 
be finally reduced to zero, and the given integral made to depend on 

the known form, I a'^dx. 

PROBLEMS. 

1. Find Ca^erdx. 

Let e^dx = dv, and a^ = u\ 

then I 7?€f"dx = - e^'ic* | xe^dx, 

J a aJ 

Similarly, j xe'^dx = - e^x | e^dx. 

Therefore Cx^e'^dx =^fa^-.^^ ^\ 

J a \ a ay 

2. Cxa'dx =-^fx---^\ 
J loga\ log ay 

3. Ca^ef'dx = e* (a?* - 2 aj 4- 2). 

J a\ a a^ ay 

5. p^ =-e-"(ir2 + 2a; + 2). 

Art. 113. Integration of the Form j sin* cos" $ dO. 

1st. When either m or w, or both, are odd positive integers. 
In this case the integration can be effected as in the following 
example : 

Tsin^ cos* edO= C(l — cos' 0) cos* $ sin $ dO 
= — j (cos*^ — cos* ^)d cos 

"" 5 7' 
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180 DIFFERENTIAL AKD INTEGRAL CALCULUS. 

2d. When m + n is an even negative integer. 
In this case the integration can be effected as in the following 
example : 

Tsin* $ cos-* edO= Ttan* cos"* d$ 

= Aan'^ (1 + tan*^) . d tan^ 

= r(tan«^.dtan^ + tan*^.dtan^ 
_ tan»^ tan*^ 



3d. When the form is not immediately integrable, neither of the 
aforesaid conditions being fulfilled. 

In this case the integral can be obtained by successive reductions. 

n 

Let smO = x'j then sin*^ = oT, cos" ^ = (1 — a^\ 

and d$ = (l-' a^'^dx. 

Hence fsin- $ cos- Ode= Car (1 - oFy'dx. (1) 

Thus the given trigonometric form may be transformed into a 
binomial differential which may be integrated by means of the formulas 
of reduction. 

For example, to find I sin* $ cos* dO, 

Let sin = x\ then sin* = Qi^, cos* ^ = (1 — a*)*, and 

de = (l- x^-^dx. 
Hence Tsin* cos* ^ d^ = pc* (1 — m^^dx. 

Applying Formula {A) twice, 
Ja:*(l - x^^dx = - tOLlZ^ _ I . ^0^(1 -«:«)« -ff . |J(1 _ o^^cte. (2) 
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INTEGRATION OF TRANSCENDENTAL FUNCTIONS. 181 

Applying Formula (B) twice to the last term of (2), 

J(l-aO*da? = '^<^-^^V |' ia?(l - aO* + i • ij*(l -aj*)^W 
Hence 
Ci^(l-x^idx = - ^^^'^^ |.^a?(l-iB«)*4-f-i-ia?(l-aO* 

+ |-i-i-ia^(l-^* + |-i-i-iarcsinx. 
Therefore 

rsin*^cos*^d^ = -^5^(sin»^ + i sin^) + -^ sin^(cos»^ + f cos^) 

PROBLEMS. 

1. fsin*^ cos* ^d^ = — A cos'^(sin*^ + | sin«^ + ^). 

2. r-^= tan^ + * tan»^ + i tan«^. 
Jcos«^ '^ ^ 

3. TEB!^ = sec ^ + 2 cos tf - 4 cos»(9. 

4 r <^^ _ 1 4cos^ 8cos^ 

J sin* ^ cos* ^ cos^sin^^ 3sin»^ 3sintf 

6. rsin*^cos»^d^= Jsin*^ — ^sin«tf. 

6. C^^dO==^?^ + ^^ 
J cos«^ 5 3 

7. fsin^^c^d = — J cos ^(sin*^ + f sin^) -f |^. 

8. fcos^^d^ = J sin^(cos»^ + f cos^) + f ^. 

9. fcos* 6 sin^ OdO = ^^" ^ ^^^ ^^^ - gH^ - 1 V A. 
•/ 2 V 3 12 8y 16 

10. f . f^ ^^ = sec ^ + log tan ^. 
J sin^cos*^ ^ 2 

11 . fsec* ^ d^ = sec^J^Q^^ + ^ log (sec + tan ^). 



12. rj^= -^ + ilogtan 
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182 DIFFERENTIAL AND INTEC^RAL CALCULUS. 

Abt. 114. Integration of the Forms j os^ cos(aa;)da; and 
j 0!^ sin (ax) dx. 

The formula for integration by parts is used, assuming that w = «". 
Evidently, each application of the formula will diminish the exponent 
n by one ; therefore, when n is a positive integer, the given form may 
be made to depend finally on | sin(aa;)c2a; or lcoa(ax)dx, each being 
a simple known form. 

For example, to find j a^ sin a;c2x. 

Assume u = a^, and dv = sin x dx ; 

then du = 2xdx, and v = — cos x. 

Hence I a^ sin adx = — a^ cos x-{-2 ix cos xdx. 

Similarly, i x cos xdx = x sin « — I sin xdx r 

= a; sin a? + cos x. 
Therefore j aj^sinajcte = — a^ cos a; + 2 x sin x + 2 cos x. 

Art. 115. Integration op the Forms j e^sin^ajda? and j ef^ cos* xdx. 
Assume u = sin* x, and dv = €l"dx; 

then du = n sin""^ x cos a; da;, and v = — • 

a 

Hence ( e*'sin"a?daj = -e«*sin"aj — - j e" sin"~* a; cos aicte. (1) 

*/ a cu/ 

Again, assume u = sin"~^ x cos x, and dv = e~ dte ; 

then du = (n — 1) sin"-* x cos' xdx^ sin" x dx 

= (n — 1) sin"-'ajda5 — n sin" a; da?, 

and V = — 



a 
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INTEGRATION OF TRANSCENDENTAL FUNCTIONS. 183 

Hence 

/e**sm"~*a?C08a?cto= - e^ sin*~^ xcos a? — ^ ~ ( e*'sin"~*a?cto 
a a J 

-h- 1 e^sin^ada;. 

Substituting in (1), and solving for j e"sin"ada:, gives 

re-sin-a?da; = ^"^^""'^(^^^^^--^^^^^) 
•/ n* + a* 

Each, application of this formula diminishes the exponent of sin x 
by 2. By repeated applications n can be reduced to or 1, and the 
given integral will finally depend on 

i e"dx = —, or I e** sin xdx. 

The value of I e"" sin xdx is obtained directly from (2) by making 
n = l. 

•In like manner j e*" cos" acto can be obtained. 

PROBLEMS. 

1. I a^ COS a? cto = a^ sin aj + 2 a COS aj — 2 sin a. 

2. j ar^ sin xdx = — a?* cos aj + Sa^ sin a-f-Gaj cos a? — 6 sin x, 

e** sin a: da; = — (a sin x — cos aj). 

a^ -h 1 ^ ^ 

4. I e* sin^ a;da; = — (sin^ a; -f 3 cos^aj + 3 sin a? — 6 cos x), 

6. re«cos*a;r2a; = ?!l5^^('^'-^±^^-H^ + -?-.C 
J 4 -f a^ 4 4- a^ a 
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184 DIFFERENTIAL AND INTEGRAL CALCULUS. 

Art. 116. Integration. of the Forms 
tf(x) arc sin xdx, | /(«) axe cos xdx, (fix) arc tan xdXy etc. 

In these forms, f(x) is an algebraic function. 

Any one of these forms may be integrated by using the formula for 
integration by parts, assuming dv=f(x)dx. For example, to find 



/• 



a^ arc sin xdx. 



Assume dv = a^dx, and u = arc sin x ; 

then v = — > and du 



3 vr^i^ 

Hence I »* arc sin a; da? = — arc sin a? — 4 I — — ==• 

J 3 V vrz^ 

Substituting a = 1, in Ex. 1, Art. 109, 

Therefore | «" arc sina?cte = -■ arc sina? -f ^(1 — a^^(a:^ + 2). 

PROBLEMS. 

1. I arc sin xdx = x arc sin aj 4-(l — a^». 

2. r^^^^^^ =a;arctana?--^(arctana?)«-^log(l-f aO' 

/•aj" arcsinajda? i /^ , o\ /^ :^ • . ar^ . o 

3. I -^ — = — •^(ar4-2)vl — a^arcsina:-f---f|aj. 

•^ VI — a* ^ 

4. jx arc cos ajda; = ^a* arc cos a? — ia?(l — a^^ -f J arc sina. 





6cos^ 



r ^ ^r 

•'"^'"■•'•'«KI)^"°'(i)>'Ki)-^"'(i)J 
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INTEGRATION OF TRANSCENDENTAL FUNCTIONS. 186 



= r 

^ (a + b) cos'^^^ + (a - 6) 8in'^| 

_ r W 

•'(aH-6)+(o-6)taii»^^ 



=2r w 

*^(a+6)+(a-6)tan»(|^ 
= ^ arc tanf/^^Lz^Ytan (^ when a > 6. (1) 



If a < 6, then 



dtan 






'V6^^:^2 



V6 + a+V6-atan(|] 
V6+a-V6-atan(|^ 



by Ex. 4, Art. 99. 

In like maimer I : — may be obtained, 

•/ a 4- 6 sin a; 



(2) 



PROBLEMS. 



1. Find 



f— 



d» 



cos^ 



Substituting a = 2 and 6 = 1 in (1) gives 



Si 



de 



2 + cos« V3 



= — arc tan 



(Vitanf) 



tan|+2 



^•/^ 



5cosd 

de 
4cos2^ 



tan^-2 
2 

= -J arc tan (3 tana;). 
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186 DIFFERENTIAL AXD INTEGRAL CALCULUS. 

Art. 118. Integration by Series. 

When a given function cannot be integrated by any of the preced- 
ing methods, or when the integral obtained is too complicated in form 
for convenient use, recourse is had to the method of approximation 
called integration by series. By this method the function is developed 
into a series whose terms are integrated separately. If the resultant 
series is convergent, an approximate value of the integral is found by 
summing a finite number of terms. 

PROBLEMS. 
1. FindJV(l-aj«)*da?. 

Expanding (1 — «*)* by the Binomial Theorem, 

Therefore Ca?(l -a^^dx =f^0^ - i«" - ii«* - A«^-) ^ 

= ^_^_-^ ^ 

3 10 56 144"' 

Jl-fa; 2^3 4^5 

3. ric4(l-aj*)*c?aj==Ja;*--|a?*-:j»ja;^-^y^a?V.... 



VT+^ 2-Z 2-i5 2-4-6-7' 






-e^aJi 



dx. 



Vl-ar^ 
Therefore 

-' ^i-u? J\ ^ ^-4 2.4-6 yvrr^ 

= arc sin x-\-\^{\x Vl — oc^—\ arc sin a;) 
-2^eT(i«» + i-|a')Vr^-|f|arcsinxl -. 

6. Cx~^{x — l)^dx==^x^~^x^-ir^x~^ + -^x~^—. 
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CHAPTER XIX. 

INTEGRATION AS A SUMMATION. AREAS AND LENGTHS OF 
PLANE CURVES. 

Art. 119. Integration as a Summation. 

The integration of a function may be regarded as the summation of 
a certain infinite series of infinitely small terms. The problem of 
finding the areas of plane curves furnishes a good illustration.* 

For example, to find the area APiP^N, included between the curve 
BS, the X-axis, and the ordinates APi and NP^* 




Fia. 32. 

Let y =/(«) be the equation of the curve. And let OA = a, 0N=^ 6, 
and divide AN into n equal parts each denoted by Aaj, and erect ordi- 
nates at the points of division. 

Then, area of rectangle Pi5 =/(a)Aaj, 

area of rectangle PgC =/(« + Aa;) Aa, 

* Newton's Lemma XL, Principia, Lib. I., § 1. 
187 
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188 DIFFERENTIAL AND INTEGRAL CALCULUS, 

area of rectangle P^D = /(a + 2 Aa) Aa?, 

and area of rectangle P^_iN=f(b — Aaj) Aa;. 

Therefore, the sum of the n rectangles is 
f(a)^x -\-f(a + Aic) Aa; +/(a + 2 Aaj) Aaj -h ... -{-f(b - Aa?) Aaj, (1) 

which may be represented by ^ f(x)AXy in which /(a?) Aa; represents 

each term of the series, x taking in succession the different values 
between a and b. 

Now as Aa; approaches zero, n increases indefinitely, and the limit 
of the sum of the rectangles is the required area APiP^N. 

When Aaj becomes dx, the symbol ^ is replaced by I , and the 

expression for the area, which is the sum of an infinite number of 
infinitely small rectangles, becomes 

r/(aj)da;==/(a)c?a;+/(a + c«a;)da;4-/(a-h2da;)daj...-|-/(6 — daj)daj. (2) 

Assume lf(x)dx = <l> (x) ; 

then f(x)dx = d<t> (x) = <t>(x -{- dx) — <f, (x), (3) 

Substituting successively for x in (3) the values, 
a, a-\-dx, a-\-2dx,"'b — dx, 
gives / (a) dx = <^ (a + dx) — <t> (a), 

f(a-\- dx)dx = <t>(a-^2 dx) — <t>(a-{- dx), 
f(a -\-2dx)dx=<f>(a -\- S dx) - <t> (a + 2dx)y 

f(b - dx)dx = <f>(b) -<l>{b-' dx). 
Adding these equations, 

f(a)dx +/(a 4- dx)dx -\ f(b — dx)dx = <f>(l)) — <f}{a)y 

or J f(x) dx = <i)(b)—<l} (a). 

Therefore the area is found by integrating f(x)dx, substituting b 
and a successively in the integral, and subtracting the latter result 
from the former. 
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PROBLEMS. 
1. Find the area of the circle ar^ -f- y* = r*. 

Area of a quadrant = j f(x)dx= I ydx= j {7^ — a^^dx. 

By Ex. 4, Art. 109, 

"T' 

therefore the area of the whole circle is vr^. 

In order to obtain the area of the 
semi-segment OABC, Fig. 33, the 
superior limit of integration, will be 
OA=zXy and the inferior limit will 
be zero. 

Therefore 

area OABG= C'(7^-x^^dx 

^ X(7^ — X^i 7^ 



arc sin-. 




FiQ. 33. 



Evidently ^ — ^ = area of triangle OAB, 



and 



—arc sin - = area of sector OBC, 
2 r 



2. Find the area between the curve ^ = 4a;, the axis of X, and the 
ordinate through the focus. Ans, -4 = ^. 

3. Find the area of the ellipse aV -f bV = a^bK Ans, vab, 

4. Find the area of the hyperbola xy = 1 between the limits x = a 
and a; = 1. Arts. Log a. 

In this example it will be seen that the area of the hyperbola is the Naperian 
logarithm of the superior limit. For this reason Naperian logarithms are also 
called hyperbolic logarithms. 
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6. Find the area of the cycloid x = rare vers ^ — V2 ry — y^. 

r 



Here 
Therefore 



dx- 



^2ry — f 



[ 



fdy 



:f^. 



V2ry-f 

6. To find the area of y (1 -h aj*) = 1 — «*, between the curve and 
the axes, in the first quadrant. 

The limits will be found to be aj = 1 and x = 0. 



Therefore 



"Jo l-\-x' 



= r-^ + ilog(»' + l)+arctana;T 

= .631972. 
7. Find the area included between y^ = 2px and a? = 2py. 

Y 




Fig. 34. 

The two parabolas intersect at (0, 0) and (2p, 2p) ; hence the limits 
of integration are 2p and 0. 



Area OBPA= | W2pxdx. 



Area OCPA 



-r 



2p 



dx. 
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INTEGRATION AS A SUMMATION. 191 



Therefore area OBPC = TY V2pa -^\dx^ i^!. 

8. Find the area included between y^ = 2x and 2^ = 4 a? — a^ 

9. Find the entire area within the hypocycloid «» -f y» = a*. 



Ans. 3^^ 

10. What is the area of a theoretical indicator diagram when the 
steam is cut off at half-stroke, if the law of expansion is j^v = 1 ? 

Ana, 1 -f log 2. 

Art. 120. Areas of Plane Curves in Polar Coordinates. 

Eeferring to Fig. 35, it is required to find the area POP^, included 
between any plane curve AB and two vectors OP and OP^, 




Fig. 35. 



Let the vectorial angles POX and P^OX be denoted respectively 
by )3 and a. 

If the coordinates of any point P be (r, tf), then the coordinates of 
Pi will be (r + Ar, tf + A^). 

The area of sector POS = ^ r • rAtf = ^ i^Aft 

Then the sum of all the sectors POS, PiOSi, etc., may be repre- 
sented by ^ *^i^Atf ; and as A^ approaches zero, the limit of the sum 

of the sectors is the required area POP^ which will be given by the 



expression 



^=*X' 



A = ^\ r^dS. 
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PROBLEMS. 

1. Find the area of the logarithmic spiral r^a^, between the 
limits r% and ri. 

Here dr = a* log a d9, and dO = f^^ - 

r loga 

Hence ^^h^'''' = d^Sj'^-[l£i-X 

1 -[r,'-n»]. 



4 log a 

2. Find the area described by one revolution of the radius vector 
of the spiral of Archimedes r = a$, j A — X C^ ^ff^dQ — ^^^'. 

"Vo ^ ~ 3 ' 

3. Find the area of the lemniscate 7^ = a* cos 2 $. ^ns. a*. 

4. Find the area of a loop of the curve r = a cos 2 ^. ^iw. ^ ira*. 

6. Find the entire area of the cardioid r = a (1 — cos ff), « s 

2 
6. Find the area .of a loop of the curve r* cos tf = a' sin 3 $. 

Ans. 3^-f log2. 

Art. 121. Rectification op Plane Curves referred to 
I Rectangular Axes. 

By Art. 72, cfo = fl-f f^^] dx, 

in which 8 represents the length of the arc. 

Therefore o=£[^ +{SjJ "-' <1) 

the limits of integration being the limiting values of x. 

The process of finding the length of an arc of a curve is called the 
rectification of the curve. 

If y be considered the independent variable, the formula is 

in which d and c are the limiting values of y. 
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If the arc PB, in Fig. 36, is to be rectified, the value of the first 
derivative is found from the equation of the curve, and substituted in 



D 
C 


F 


^^^ 


N 


/ 









A B X 






Fio. 36. 





Formula (1) or (2). If Formula (1) is used, the limits b and a are OB 
and OA respectively ; if Formula (2) is used, the limits d and c are OD 
and 00 respectively. 

PROBLEMS. 

1. Rectify the parabola y* = 2px. 



Here 
hence 

Therefore 



da y' 
P 



^y2^Z±I^E log (y-^^^Tf) + 0. 



(1) 



Here the value of the constant C may be determined by the first 
method of Art. 34. If the arc is estimated from the origin, then aS = 
when y = 0, and these values substituted in (1) give 

= |logi>-FC7; 



hence 



C=-^logp. 



Therefore ^^og+g+^log f^ + V^^ , 

2i> 2 \ p ) 
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which is the length from the vertex to the point which has the ordi- 
nate y. 

Or if the limits of integration are known, for instance, if the length 
from the vertex to an extremity of the latos-rectom is required, then 
the limits are p and 0, and 



«=ry^^^^^+f log(y + Vi.' + j^?=iP V2+|log(i + VS). 

2. * Rectify the semi-cnbical parabola r^ = as?. 

27 aV * ) 27 a 

3. Rectify the curve whose equation is 3^ = j5 and determine the 

length of the curve from the origin to the point whose abscissa is 10. 

Ans, 19.0248. 

4. Rectify the circle x* -|- y* = r*. 

Here « = 4 rYl + ^'fte = 4r ^-^^=, = 2^. 

Jo \^ fj Jo Vr* - «* 

But as the result is in circular measure, the circle is a non-rectifiable 
curve. 

An approximate result may be obtained by a series. 

' = ^Vo V?^-^ b"'2T3?-^ 27475? ■^•••Jo 
- n ^ 1 ^ 1-3 j^ 3.5 ^ ~| 
= 'r + 273-^2T4T5 + 2:4:6T7 + -] 



Therefore 



^gT 1 1.3 3.5 1 

I "^2.3'^2.4.5"^2.4.6.7"^ J 



From this equation the approximate value of v can be determined 
with any required degree of accuracy by taking a sufficient number of 
terms. 

5. Rectify the ellipse f=(l — e»)(a' — «*). 



Here ^ = - (i _ e^ ? = -> ^VlHI'. 

* The semi-cubical parabola was the first curve whose rectification was effected 
algebraically. (Neil, in 1657, Phil. Trans., 1673.) 
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Hence « = 4 C^I ^'T ^f ^ = -^ f —^ — («' - ^^^ 

Jo M a^-a^ Jo Va' — a? 

^4p_^^_/ __6W_^V \ 

Jo Vo^^^V 2a 2.4a» ; 

V 22 2«.4« / 

6. Ratify the hypocycloid «» -|- y» = a». 

^n«. /S = } a*x» ; the entire curve = 6 a. 

7. Rectify the cycloid x=:r arc vers - — V2 ry — y'. 



Here 



dx__ y_ 



dy y/2ry-f 
Therefore s = ^ f Y^"^)*^^^ = 8 r. 

Abt. 122. Rectification of Curves in Polar Coordinates. 
By Art. 73 (2), 

PROBLEMS. 
1. To find the length of the cardioid r = a(l -}- cos0). 

Here -^ = — a sin ft 

6B 

Therefore s = iC [a' (1 + cos tf)* -|- a* sin* tf]i cW 

= 2 a P(2 -F2cos^)idtf = 4 a Pcos|cW 

= 18 a sin ^T= 8a. 
L 2jo 
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2. Rectify the spiral of Archimedes r=za$. 



2a 2 \ a J 



8. Rectify the logarithmic spiral logr = ^ between the limits r^ 
and r©. Ans. (1 + m*)i(ri — Tq). 

3na 



4. Rectify the curve r=^a sin* -• 



Arts, 



Abt. 123. The Common Catenary. 

The common catenary is the curve assumed by a flexible cord of 
uniform thickness and density, fastened at two points, hanging freely 
and acted upon only by the force of gravity. 

As the cord is regarded as perfectly flexible, the only force acting 
at any point of the cord is a pull in the direction of the cord at that 
point, which is called tension and is a function of the coordinates of 
that point. 





Y 






\ ^ 




J 




^/ 


/ 





N 


/ 


0' 






A 



Fig. 37. 

In Fig. 87, let 0, the lowest point of the curve, be the origin, and 
let the horizontal line through be the X-axis, and the vertical OY 
be the F-axis. Let (a;, y) be any point P on the curve, s the length of 
OP^ and c the length of the cord whose weight is equal to the tension 
at 0. 

If the weight of the unit of length be taken as the unit of weight, 
the length s will represent the weight of the arc OP^ and the length c 
will represent the tension at 0. 



Digitized by 



Google 



AREAS AND LENGTHS OF PLANE CURVES. 197 

Then the arc OP may be regarded as a rigid body in equilibrium 
under three forces : the tension at P in the direction of the tangent, 
the horizontal tension c at the origin, and the weight s acting verti- 
cally downward. 

Draw PN tangent to the curve, and PS parallel to OX at P. Then 
by the triangle of forces, the sides of the triangle PSN will represent 
the three forces acting on the arc OP, 

Therefore jVg ^ weight of OP ^ g 

SP tension at c 

hence ^ = L r\\ 

dx c ^ ^ 

Differentiating (1), substituting the value of ds, and reducing, 

am 

\dx) 



^i 



dx 

rV ■ C ' 
■') 



(2) 



Integrating (2) and noticing that when a; = 0, -^ = 0, 

dx 



c 



dx 



whence -^=ile<' — e 0. 



dx 
Integrating (3), and noticing that a; = when y = 0, 



(3) 



(4) 



which is the required equation. 

Eemoving the origin to the point 0\ which is at a distance c below 
0, the equation becomes 

J, = £(«= + «-•). (6) 
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In order to rectify the catenary, (5) is differentiated, giving 

from which is obtained 



Therefore s ■■ 



PROBLEM. 



What is the curve in which the cables of a suspension bridge hang ? 

Ans. A parabola. 
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CHAPTER XX. 



SURFACES AND VOLUMES OF SOLIDS. 



Art. 124. Surfaces and Volumes of Solids of Revolution. 



1st. Surfaces, In Fig. 38, let the plane curve MN revolve about 
the X-axis. Let JW be a fixed point and P any other point of the curve 
whose coordinates are («, y). 





< 


5 Q 






T-] 


.^ 


p 


*^N 




X" 


C 






/ 


/ 















A B 
Fig. 38. 



Assume MP =8 and PQ=:A5, then the coordinates of Q are 
{x -}- Aa;, y + Ay). Let S represent the area of the surface generated 
by the revolution of MP, and A/S' the surface generated by PQ. Draw 
PR and QT, each equal in length to As, and parallel to OX, In the 
revolution PR generates the convex surface of a cylinder whose area 
is 2 Try As, and QT generates the convex surface of a cylinder whose 
area is 2 tt (y -f Ay) As. Obviously the area of the surface generated by 
PQ lies between the areas of the cylindrical surfaces. 

Hence 2 Try As < A/S < 2 tt (y + Ay) As. 

Therefore, as As approaches zero, 

dS = 2 Try dsj 
199 
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and S=C2iryds (1) 



-'/'t+(S)]'* « 



In like manner for the surface generated by revolving the curve 
about the F-axis, 

S = 2irCxd8 = 2irCx[l^(^^dy, (3) 

The surface of a zone, included between two planes perpendicular 
to the X-axis and corresponding to the abscissas h and a, is 

S = 2irCyds, (4) 

2d. Volumes. Let V denote the volume generated by the surface in- 
cluded by the curve MP, the ordinates ML and PA, and the X-axis. 

Let A V represent the volume generated by APQB. 

The volume of the cylinder generated by APCB is iry^^x, and the 
volume of the cylinder generated by ASQB is 7r(y + Ay)*Ax. 

Obviously, iry^^x < A F < tt (y + Ay)*Aa;. 

Therefore, as Ax approaches zero, 

dV= iry^dx, 

and V=irCfdx. (5) 

In like manner, for the volume generated by revolving the curve 
about the F-axis, 

F= irCx'dy. (6) 

PROBLEMS. 

1. Find the surface of the sphere generated by revolving the circle 
or* -h 2/* = r^ about a diameter. 

Here y = (r^ — of')^ and ^ = 

^ ^ ^ dx y 
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Therefore S = 2w Cyfl-h^^ dx = 2wr rdxz=^irr', 

2. Find the volume generated by revolving the parabola i^ = 2px 
about the X-axis. 

V=Tri 22)xdx=pira:^ = ^Try^'X. 

3. Find the volume of the cone generated by revolving y = x tana, 
when a is the semi-vertical angle of the cone. 

Ans. V=^ volume of circumscribing cylinder. 

4. Find the volume of the sphere generated by revolving aj^+y-=r* 
about the X-axis, and also the volume of a spherical segment between 
two parallel planes at distances b and a from the centre. 

Ans. 1 7rr» and ,- [r2(& - a) - ^ (b^ - c»)]. 

5. Find the surface and volume of the prolate spheroid generated 
by revolving y* = (1 — e^(a^ — ic*) about the X-axis. 

Ans. AS = 7r62 + — arc sine and F=i^. 
e 3 

6. Find the surface and volume of the right circular cone, gener- 
ated by revolving the line joining the origin with the point (a, b) about 

the X-axis. . ^ , ^-5 — - _ ^^ ^ab^ 

Ans. S = 7rb Va^ + b^ and F= ~. 

7. Find the surface generated by the cycloid 



y=r arc vers - + V2 rx — a^, 
r 

when it revolves about its axis. Ans. 8 7rr*(7r — |). 

8. Find the volume generated by the cycloid 

x = r arc vers - — V2 ry — y', 
r 

when it revolves about its base. Ans. 6 irV. 

9. Find the surface and volume of the annular torus, generated by 
revolving the circle x^ -\- {y — 5'^ = 4", about the X-axis. 

Ans. ^5 = 394.71) sq. in., and F= 394.79 cu. in. 
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Art. 125. Surfaces by Double Integration. 

In Fig. 39, let (x, y, z) and (x -f cLc, y + dy, z + dz) be the coordinates 
of two consecutive points P and E on the given surface whose equation 
is known. Through P and E pass planes parallel to the planes XZ 
and YZ. These planes will intercept an element PE of the curved 
surface, which is projected on the XY^plane in ES = dxdy. 




Fig. 39. 



Let 8 represent the required area, and dS the area of the element 
PE. 

The area of RS is evidently equal to the area of PE, multiplied by 
the cosine of the angle which PE makes with XT. 

Eepresenting this angle by y, 

area PE • cos y = dxdy, 
hence area PE =dxdy - sec y. 

By the aid of analytical geometry of three dimensions, 

rdzVli 



sec 



HHthm 



in which -—- and —- are partial derivatives from the equation of the 
dx dy ^ 

given surface. 
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Therefore area PE = dS = [l-\- f~\^ + (yY] ^^ ^^^ 

The effect of the ^-integration, x remaining constant, will be to give 
the sum of all the elements similar to PE from W to M; hence the 
limits of the y-integration will he y = CM=^OM^—q^ and y = 0. 

The effect of the subsequent ^-integration will be to give the sum 
of all the strips similar to WMN forming the given surface ; hence the 
limits of the second integration are x = OA and a; = 0. 

Art. 126. Volumes by Triple Integration. 

The given volume is supposed to be divided into elementary 
rectangular parallelopipeds by planes parallel to the three coordinate 
planes ; such an element of volume is represented by kl in Fig. 39. 

The volume of such an elementary parallelopiped v&dxdydz\ hence 
the whole volume is 

F= Cffdxdydz, (1) 

The limits of integration are obtained from the equation of the 
bounding surface, being so chosen as to embrace the entire volume. 

If the volume included between the three coordinate planes and the 
mrved surface is required, the limits are found as follows : 

The effect of the ^^-integration is to sum all the elemental parallelo- 
pipeds in the prism PS-, hence the limits of the first integration are 
PE = z =f(x, y) and 2 = 0. The effect of the y-integration is to sum 
all the elemental piisms in the slice WN\ hence the limits for the 
second integration are CM=y =f{x) and y = 0. The effect of the 
iB-integration is to sum all the elemental slices composing the whole 
volume ; hence the limits of the third integration are x = OA and x = 0. 

For example, to find the volume of the ellipsoid — „ 4- rs + -^ = 1? cut 

or b^ cr 

off by the coordinate planes. 



1 — "- and 0, the 

cr b" 
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limits of the y-integration are b ^1 — ^ and 0, and the limits of the 
x-integration are a and 0. 

Substituting Zi = c \1 ; — ^ and yi = b \/ 1 -in the formula, 

^ or 0^ ^ a* 

gives for the whole ellipsoid 

V==Sr C f'dxdydz. 
•/o Jo •/» 

Integrating on the hypothesis that z is the only variable. 
Integrating again, now on the hypothesis that y is the only variable, 

bJo 2 2 
Integrating finally with respect to x, gives 

r= ^ JT V - aO *« = t '"ftc. 

PROBLEMS. 

1. Find the surface of the sphere «* + y* + «• = o*. 

Here ^ = -5, and ^ = -2. 

dx z ay z 

Integrating with respect to y, between y == Va* — a?* and y = 0, 



•= I I ' ^ — = 11 actearcsin — ^ r 
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Integrating with respect to x, between x = a and x = 0, 

which is the area of one-eighth of the surface of the sphere. 

2. A sphere a^ -{- y^ -\- z^ = a^ is cut by a right circular cylinder 
j/^ = ax — Qi^, Find the area of the surface of the sphere intercepted 
by the cylinder. Ana, 2a^{ir — 2). 

3. Find the surface intercepted by two right circular cylinders 
a« + ^2 ^ a« and ar^ + y2^ a*. Ans. Sa\ 

4. Find the volume of a right elliptic cylinder whose axis coin- 
cides with the X-axis and whose altitude = 2ay the equation of the 
base being c^ -f bh^ = b^(^. Ans, 2 Trdbc, 

6. Find the volume of the solid contained between the paraboloid 
of revolution ic* -h y^ = 2 j?, the cylinder aj* -h y* = 4 2, and the plane z = 0, 

Ans, ^rf"^^^^ f ' dxdydz^: 37, 699^. 

6. Find the volume of the solid cut from the cylinder 7?-\'y^—7^ 
by the planes 2 = and z==x tan a. Ans, | o^ tan a. 

7. Find the entire volume bounded by the surface aj'+y»-h2^ 
^V26. Ans, 44.88. 
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CHAPTER XXI. 

CSNTRB OF MASS. MOMENT OF INERTIA. PROPERTIES OF 6ULDIN. 

Art. 127. Definitions. 

The definitions of this article are taken from Mechanics and are 
here assumed without investigation. 

The moment of any force with respect to an axis perpendicular to 
its line of direction is the product of the magnitude of the force by 
the perpendicular distance from its line of direction to the axis. The 
moment of a force with respect to a plane parallel to its line of direc- 
tion is the product of the force by the perpendicular distance from its 
line of direction to the plane. 

The force exerted by gravity on any body is proportional to the 
mass of the body, and hence the mass of the body may be taken as the 
measure of the force exerted on it by gravity. 

The centre of mass of a body is that point so situated that the 
force of gravity produces no tendency in the body to rotate about any 
line passing through the point ; hence it may be regarded as the point 
at which the whole weight of the body acts. The centre of mass is 
sometimes called centre of gravity and centre of inertia. 

The moment of inertia of a body with reference to a straight line, 
or plane, is the sum of the products obtained by multiplying the mass 
of each element of the body by the square of its distance from the 
line or plane. 

Points, lines and surfaces, as here considered, are supposed to be 
material bodies. Lines, surfaces and solids are regarded as being com- 
posed of an infinitely large number of indefinitely small particles. The 
weight of a body is the resultant of the weights of all of its elemental 
particles acting in vertical lines, and the resultant of this system of 
parallel forces passes through the centre of mass. 
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Art. 128. Genebal Formulas for Centre of Mass. 

Assume a system of rectangular coordinate axes, retaining a fixed 
position with reference to the body, the plane XY being horizontal. 
Let a small particle of mass at any point («, y, z) be represented by 
Am. Then the force exerted by gravity on Am is measured by Am in 
a direction parallel to the ^axis. 




Fia. 40. 



If the mass of Am were concentrated at the point (a;, y, z), the 
moment of the force exerted on Am with respect to the plane TZ 
would be xAm ; and the sum of the moments of all the elements of the 
body with reference to this plane would be SajAm. 

The resultant force of gravity is 2Am, and if the coordinates of the 
centre of mass be represented by (^, y, «), as the centre of mass is the 
point through which the resultant passes, acSAm will be the moment of 
the resultant with reference to the plane TZ, But by the principle of 
moments, the moment of the resultant of any number of forces is equal 
to the algebraic sum of the moments of the forces. 

Hence, aSAm = Sa;Am. 

If now Am diminishes indefinitely. 



Therefore 



X I dm = i X 



xdm 



fdm 



(1) 
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Similarly, ^^r — ' ^^^ 



zdm 

and ^~^ (^) 

fdm 

The mass of any homogeneous body is the product of its volume 
by its density. If A; represents the constant density and dv the ele- 
ment of volume, then kdv = dm, and (1), (2) and (3) become 

ixdv 
S=^--T-. (4) 

Cydv 

jav 

izdv 
and 2=^^75—. (6) 

jav 

If the body is a material line in the form of the arc of any curve, 
and if da is the length of an element of the curve. Formulas (4), (5) 
and (6) become 

/xds 
... . . 



[yds 



(7) 



fds 

izds 
z=J---. (9) 

If the curve is a plane curve, it may be taken in the plane XF, in 
which case z will be zero. 
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PROBLEMS. 



1. Find the centre of mass of an arc of a circle, taking the diam- 
eter bisecting the arc as the X-axis and the left vertex as the origin. 
In Fig. 41, let AOB be the arc. 




FiQ. 41. 



The equation of the circle is y* = 2 oa; — a?*; 



hence 



dy- 



(a — x)dx 
V2aa; — a* 



d8 = y/d^-\-df = 



adx 



Ixds ^ 

x=d = 5l 



V2aaj — a* 



xdx a 



= -(-V2aaj-ar^-f»)=a-?S?. 

8 



Therefore x =*^- — = - i 

fds **^* V2aaj-aj2 s 

2. Find the centre of mass of an arc of the hypocycloid 

between two successive cusps : 
Here 



%-e)-'-. 



hence 



ds = VS^TW* = y^ ^x ^ -f y'^dx 



^ a^ _ x^ \^/ 
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Therefore 



0. x-'Sy- 

Similarly, MO = y = ^a. 



I a. 




Fig. 42. 



3. Find the centre of mass of the arc of a semi-cycloid. 

Ans, ^ = (tt — ^) a, y = 

Art. 129. Centre of Mass of Plane Surfaces.* 
If rectangular coordinates are used, 
dv = dA = dxdy, 
and Formulas (4) and (5) of Art. 128 become 

I I xdxdtf 
X ^^ J 

Cj dxdy 

j^ jydxdy 



-|a. 



and 



y-- 



CCdxdy 



(1) 



(2) 



* The centre of mass of a plane area is sometimes called the centroid of the 
area. 
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PROBLEMS. 



1. Find the centre of mass of the area included between the parab- 
ola y^ = 2px and the double ordinate whose abscissa is a. 



x = 



nxdxdy j xydx 
I •Jo 

dxdy I ydx 

r •V2px^dx 
I -V^pxmx 



= fa. 



2. Find the centre of mass of the semicircle iii^-\-y^ = r^ on the 
right of the F-axis. 



I j xdxdy j xydx 
I xVr^- 



a^dx 



y=o. 



4r 
''3n 



3. Find the centre of mass of an elliptic quadrant whose equation 



IS y. 



^VSTT^. 



. - 4a - 46 
Ans, x = —, 2/=x— 



4. In Fig. 43, -45Z) is a segment of a parabola cut off by an ordi- 
nate, and BE is parallel to Ax, 

1st. Determine the distance of the centre r 



of mass of ABD from Ax, 



Ans, 



8 



2d. Determine the centre of mass of 
6. Find the centre of mass of the cycloid. 




Ans, X = irr, y = ^ r. 
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6. Find the centre of mass between y* = »" and y" = i»*. 



Ans, x = y = 



(m -f nf 



(m + 2n)(2m + ?i) 

Art. 130. Centre of Mass of Surfaces of Revolution. 

If a curve in a plane with the X-axis be revolved about this axis, then 

dv = 2'iryds', 



hence, by Art. 128 (4), 

I ^lirxyds I xyds 

j 2'jryds iyds 



PROBLEMS. 

1. Find the centre of mass of the convex surface of a right cone, 
generated by the line y = ax. 



Here ds = ->/dx^ -f dy^ = Va^ + 1 da; ; 

j ax^ Va^ -\-ldx 



hence x = 



I ax Va^ -f 1 da; 



2. Find the centre of mass of the surface generated by the revolu- 

« 

tion of a semi-cycloid x = a vers~^ - — y/2ay — if about its base. 



Here ds = 



a 

V2ady , 
V2 a — ?/ 



hence ^ = A^_l^ = l|a. 

-'o ■\j2a-y 

3. Find the centre of mass of the convex surface of a hemisphere 
whose radius is equal to 10. Ans, ^ = 5. 



Digitized by 



Google 



CENTRE OF MASS. 213 



Art. 131. Centre of Mass of Solids of Revolution. 

If a solid be generated by the revolution of a plane curve about 

the X-axis, then 

dv=:2Trydydx; 



hence, by Art. 128 (4), 



Jjxydxdy 
jCydxdy 



PROBLEMS. 

1. Find the centre of mass of a right circular cone, whose convex 
surface is generated by revolving y = ax about the X-axis. 



x = 



1 1 xydxdy 



J. J. i'*'* 

r 



2 



£ 

2. Find the centre of mass of a paraboloid generated by 2/* = 4 oaj. 

n"* xydxdy 

I 2aa:^dx 



s: 



= *». 



2axdx 



3. Find the centre of mass of a hemispheroid generated by 

y^ = —-(2ax — a^. Arts. 4 a. 

a 
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Art. 132. Moments of Inertia op Surfaces. 

In Fig. 44, the curves AB and CD and the ordinates LN and PM 
intercept a plane surface PLSR, whose moment of inertia is required. 

The surface is supposed to be divided into rectangular elements by 
lines parallel to the coordinate axes. 




Fio. 44. 

Let (a;, y) be the coordinates of any point as /, then (a; -\- dx, y -f- dy) 
will be the coordinates of g, and dxdy will be the area of the element^. 

The moment of fg about X = y^dxdy. 

Let the equations of AB and CD be y =f(x) and y = <^(a5) respec- 
tively ; and let 0N= b and OM=a, 

If a? be regarded as constant, while y varies from <l>(x) tof{x), the 
integration will give the moment of the vertical strip WQTV. 

Then in the second integration, x varying from a to 6, the sum of 
the moments of all the strips composing the area PRSL will be given. 

Representing the moment of inertia by M. L, 



fdxdy. 



PROBLEMS. 
1. Find the moment of inertia of a circle about its diameter. 



M.i.= rr::r.Vda!dy 
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2. Find the moment of inertia of a rectangle about an axis through 
its centre parallel to one of its sides. 

Let 2 b and 2 d denote the width and length respectively, the axis 
being parallel to 6; then 



M. I. = C Cy^dx dy = ^ hd!'. 



3. Find the moment of inertia of an isosceles triangle about an 
axis which passes through its vertex and bisects its base. 

Let a = the altitude and 2b = base, and take the origin at the 
vertex and the axis of moments as the X-axis ; then 



M.I. =£ Jldxdy = \at^. 



Art. 133. Guldin's Theorems.* 

I. Let a plane curve in the same plane with the X-axis revolve 
about the X-axis. 

The ordinate of the centre of mass is 



fydi 
}=^ 

/■ 



s 
, by Art. 128 (8). 



ds 
Therefore 27ry - 8 = 2Tr Cyds. (1) 

But by Art. 124 (1), the second member of (1) is the area of the 
surface generated by the revolution of the curve whose length is 8 
about the X-axis, and the first member is the circumference described 
by the centre of mass, multiplied by the length of the curve s. 

Hence, if a plane curve revolve about an axis in its own plane 
external to itself, the area of the surface generated is equal to the 
length of the revolving curve, multiplied by the circumference de- 
scribed by its centre of mass. 

* Sometimes called Theorems of Pappus, as they were first stated by Pappus. 
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II. A plane area revolves about the X-axis. The ordinate of the 
centre of mass of the plane surface is 

f fydxdy 
y=-Y-?, ^ by Art. 129 (2). 

Therefore 2wy C Cdxdy=:2'n' C Cydxdy = 'ir Cfdx. (2) 

But by Art. 124 (5), the last member of (2) is the volume gener- 
ated by the revolution of the area; and in the first member, I i dxdy 
is the revolving area. Hence, if a plane area revolve about an axis 
external to itself, the volume generated is equal to the area of the 
revolving figure, multiplied by the circumference described by its 
centre of mass. 

If the curve or area revolve through any angle instead of making 
an entire revolution, must be substituted for 2ir in equations (1) 
and (2). 

PROBLEMS. 

1. Find the surface and volume of the ring generated by revolving 
a circle whose radius = r, about an external axis distant b from the 
centre of the circle. Ans, S = Ait^ab, V= 2ir*a%. 

2. Find the volume generated by an ellipse revolved about an axis 
distant 10 from the centre ; the semi-axes being 10 and 5. 

Ans. 9869.6+. 

3. Find the surface and volume generated by revolving a cycloid 
about its base. Ans. S = ^ira*, V=5 ir*a'. 
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CHAPTER XXII. 

DIFFERENTIAL EQUATIONS. 

Abt. 134. Definitions. 

A differeniidl eqtuxtion between two variables x and y is an equation 
containing one or both of the variables x and y and one or more deriva- 

tives,sucha8^,g,^.etc. 
dx dor dor 

The order of a differential equation is that of the highest derivative 
which it contains. 

The degree of a differential equation is that of the highest power 
to which the highest derivative which it contains is raised. 

The solution of a differential equation consists in finding a relation 
between x and y and constants, from which the given equation may be 
derived by differentiation ; this relation is called the primitive. The 
solution requires one or more integrations, and each integration intro- 
duces an arbitrary constant ; hence the solution of a differential equa- 
tion of the nth order will give an equation containing n arbitrary 
constants. 

The same primitive may have several differential equations of the 
same order. 

For example, given the equation 

ay-{-bx-\-c = 0. - (1) 

By differentiating, a ^ -h 6 = 0. (2) 

ax 



Eliminating o between (1) and (2), 

6^ + c^- 
dx dx 

Eliminating b between (1) and (2), 



6f^ + cf?-6y = 0. (3) 

dx dx 



ay-f c-ax^ = 0. " (4) 

dx 
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In this example, equation (1) is called the complete primitive, and 
equations (2), (3) and (4) are differential equations showing the same 
relation between the variables. 



Art. 135. Differential Equations of the First Order and 

Degree. 

The general form of the differential equation of the first order and 

degree is 

Mdx -f Ndy = 0, (1) 

in which M and N are functions of x and y. This equation may be 
put in the form 

dx 

The most obvious method of solving a differential equation of the 
first order and degree is by means of the separation of the variables, 
whenever practicable. The variables are separated when the coefficient 
of dx contains the variable x only, and the coefficient of dy contains the 
variable y only; that is, when the equation can be reduced to the form 

Xdx -h Tdy = 0, 

in which X is a function of x only, and F is a function of y only. 
Let the form be 

XYdx-\-X'Tdy = 0, (2) 

in which X and X are functions of x only, and T and F' are func- 
tions of y only. 

Dividing by X Y, 

^-fZdy = 0, (3) 

in which equation the variables are separated. 
For example, given 

(1 - xfy dx-(l-\-y) x^dy = 0. 
Dividing by a^y, 

(L:^dx-l±ldy=.0. 
as" y 
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Hence, ^^^±^^-^^dy^O. 

of X y 

Integrating, 2 log x-\-x — log y — y=i G. 

X 

PROBLEMS. 

1. (l-'y)dx-\-(l-\-x)dy = 0, ^tw. log(l -f-a?) - log(l -2/)= 0. 

2. (l^-y^dx — x^dy = 0. Ans, 2x^ — arc tan y = C, 

3. (1 + x)ydx + (1 — y)xdy = 0. Ans. log (xy) -\-x — y= C. 

4. dy -\-y tan a da? = 0. -4ns. log y — log cos a? = C 

cto 1 + ar 1 — (7a; 

7. sinajcosy(faj — cosa;8iny(iy = 0. -4ns. cos y = (7 cos a;. 

8. Hemholtz's equation for the strength of an electric current G at 

E LdC 
the time tis = — — — — , in which E, R and L are given constants. 
R R dt 

Find the value of C, determining the constant of integration by the 
condition that its initial value shall be zero. 

9. The equation showing the strength of current i for the time t 

dC 
after source of E.M.F. is removed, is RC = — L— (R and L being 

constants). Find the value of C, 

Ans, C= le ^, in which 1= current when f = 0. 
10. The differential equation of the current of discharge from a 
condenser of capacity C in a circuit of resistance ^ is — = —-' 

t_ 

Find *, if the initial current is Jq. Ans. i = I^e ^^• 



Art. 136. Homogeneous Differential Equations. 

The differential equation Mdx + Ndy = is said to be homo- 
geneous when M and N are homogeneous functions of x and y of the 
same degree. 
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If the equation is written in the form 

dx N' 

y 
the second member is seen to be a function of — 

X 

y 

If, now, V be substituted for -, 

y = vxy and -^ = a? — + v, 
dx dx 

and the equation becomes 

in which the variables can be separated, giving 

dx _ dv 

X f(v) — V 

For example, given the homogeneous equation, 

y^-^a^^ = xy^. 
^ dx ^ dx 

Substituting y = vx, 

« « Qi?{xdv -f vdx) __ vQi?(xdv -\- vdx) , 
dx dx 

whence 1 = dv. 

V X 

y 
Integrating and substituting v = '^ 

y y 

y 

Therefore ^^%y — G^'za 

9 

or Cie^ = y .(log Ci = c). 



PROBLEMS. 

1. (x-'2y)dx-\-ydy = 0. Ana. log(y — a;) ^ = 0. 

y — * 

2. (2 V^ — x)dy-\-ydx = 0, Ans. y = ce~A(r. 
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3. a^dy — y^dx — xydx=:0. Ans. logaj-|--=c. 



y 



4. xdy — ydx = dx^x^ — j/^, Ans, log x = arc sin - 4- c. 

X 

5. (Sy-f 10aj)da?-f (52/ + 7ar)d2/ = 0. Ans: (?/ -f «)' (y + 2 «)« = c. 

6. (a:^-\'jf)dx — 2ayydx=:0, Ans. a^ — y* = ex. 

7. Find the curve in which the subtangent is equal to the sum of 
the abscissa and ordinate at any point of the curve. 

From Art. 70 (3), it is seen that the differential equation is 

dx , 
whence y' -f 2 icy = c, a hyperbola. 

Art. 137. The Form (oo; + ^2/ + c) da? + (a'x + b'y -\'C*)dy = 0. 

The equation Mdx + Ndy = can always be solved when M and N 
are functions of x and y of the first degree, or having the form 

(oa? -f &y -f c)dx + (a'x + b'y -f c')dy = 0. (1) 

Assuming x = x' -{-h and t/ = y' + A;, and substituting in (1), 

(ax' + by' -hah-^-bk + c) dx' + (a'x' + b'y' + a'h + b'k + c')dy' = 0. (2) 

In order that (2) may be homogeneous, 

aA -f- 6A; + c = 0, and a'h -f b'k + c' = 0, 

giving h = — -, and k = 



a'b — ab'' a'b — ab' 

Equation (2) now becomes 

(ax' + by')dx' -f- (a'x' -f b'y')dy' = 0, 

a homogeneous equation, and the variables can be separated as in the 

preceding article. 

a' b' 
This method evidently fails when a'b = a6' ; that is, when — = — . 

a' b' ^ ^ 

In this case put — = — = m, a' = ma, b' = mb. 
a b 

' Equation (1) now takes the form 

(aaj + 6^ + c)daj + [m(aa;4- by)-}- c'']dy = 0. (3) 
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Assuming (3uc-|-6y = a;, dy= , 

b 
and substituting in (3), 

(z + c)dx-{- (mz + &) ^^"^^^ = ; 



whence lb(z-\'C)-'a (mz — c')^dx + (mz -f c') dz = 0, 

and dx-^ (mz-^c^dz ^^ 

b(z + c) — a(mz — c') 

and the variables are separated. 

PROBLEMS. 

1. (1 + oj -f y)^ + (1 + 2 a? 'hSy)dy = 0. 
Assuming x = x' -{-h, and ^ = j^' + A^^ 

(1 + a?* -f A + y + Aj)^' + (1 + 2aj' -I- 2A -f 3y -f 3 A:)dy = 0, 
in which A -f A; + 1 = 0, and 2A-f3A:-fl = 0, 

giving ^ = — 2, and A: = 1. 

The equation now becomes 

(x' + y)(^^-' + (2a;' + Sy')dy' = 0, 
which is homogeneous and can be solved by Art. 136. 

2. ^ = ax-^by.-[-c. Ans. abx -}- b^ -}- a -{- be = Ce^. 
dx 

3. (2x-\'y-\'l)dx-\'(^x-^2y — l)dy = 0. 

Arts. x-\-2y-\- log (2a; -f y - 1) = O. 

4. (2a; — y-f l)(^JJ+(22/-a;-l)d7/ = 0. 

^ns. a;* — a;y-fy'-fa; — y= C. 

Art. 138. The Linear Equation of the First Order. 
The equation of the form 

^+Py = Q, (1) 

in which P and Q are functions of x only, is called a linear equation 
because it is of the first degree with respect to y and its derivative. 
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This linear equation admits of a general solution. As the second 
member is a function of x only, an integrating factor of the first 
member will be an integrating factor of the equation if it is a function 
of X only. To find such a factor, put y = Xz, in which X is an arbi- 
trary function of x, and z is a new variable. Then dy = Xdz -f zdX, 
which reduces (1) to 

Xdz + 2dX -f PXzdx = Qdx. (2) 

Assume zdX= Qdx, (3) 

then (2) becomes Xdz -f PXz dx = ; 

whence — = — Pdx ; hence log z = — j Pdx, and z = e'^'^. 

Substituting this value of z in (3), 

e-^'^dX^ Qdx, or dX= ef'^Qdx. 

Therefore X= Ce^'^QOx -f c, or y = Xz = e-!^[ Cei'^Qdx + c\ 

PROBLEMS. 

1. dy-i^ = _£_da.. 

^ 1 + a^ l-fic" 

This linear equation for y, put in the general form, is 

dy y^ __ tt 

dx 1 -i- «* ~" 1 -f «*' 

in which fpdx = - C:^^ = log ^ ■ 

Hence the integrating factor is 

e/^ = giog (!+«')-* = (1 + a^-i. 



Cei-^Qdx= C^(^±^dx=.-^±- + c, 
J J 1 + ar^ (1+aj^i 

Therefore y = (1 -f ar^Y — ^^^ -^c^=:ax-\- c(l + x^i 
\(1 + ar^4 y 
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2. ««^-|.(l~2a;)2/ + iC». Ans, y = x" (1 + c^\ 

dx 

3. x-^ — ay = 05 H- 1. Ans. y = caf ~ 



dx a — 1 a 

dx 



X + Va^ -f or^ 

5. -^ cos a; -f w sin a? = 1. ^?is. y = sin x-^-c cos a;. 

6. The differential equation of electromotive forces in a circuit of 
resistance B and induction L, when the impressed E. M. F. is a sinu- 
soid given by the equation e = E sinp^, is E sin pt = Bi -i-L-^. Solve 
the equation for *, i and t being the only variables. 

— — E T/n 

Ana. i = ce ^ -\ ^^====1 sin (pt — 4), in which <^ = tan"^ =^. 

VB'+p'L' R 

7. The equation of energy for a circuit containing resistance and 
capacity is eidt = t^Bdt -f (idt) I idt. Solve the equation for i, when 
e = JS7 sinpt 



^ns. t = 



E f 1 \ -— 

t=— ^ '- — =-sin[/)«-htan-^ — 75)+ ce ^ 



Abt. 139. Extension of the Lineab Equation. 

The more general form, -^ + i^ = Qy», (1) 

dx 

in which P and Q are functions of x only, is readily put in the form of 
the linear equation of the preceding article. 

Dividing (1) by r, ^| + ^=«- (2) 

Assume 

» = y"""^* ; whence 2/" = 2 •^"S 2/""^ = 2-^ and dz = — (w — l)?/-" dy. 
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Substituting in (2) and reducing, 
|-(n-l)i^ = 
which is the form of the linear equation of the preceding article. 



|-(n-l)i% = -(n-l)Q, 





PROBLEMS. 


!• dy-^ydx^xi/^dx. 




Dividing by y'cto, 

fdx f 


Assume 


z = 2/"*. 


Substituting and reducing, 




dz 
dx 


22 = -2aj. 



By the preceding article, 

I Pdx = — 2 «, and 

z = -2^Ce'-^xdx = e^{xe-^ + ^e-^-{-C). 

Therefore • 1 = y* {Ce^ + i + a?). 

2. ^ = a^f^xy, Ans, 1 = oj* -f 1 + Ce**. 

dx y* 

da? a or 



4. ■-^(ah^-\-xy) = l. Arts, x = - 



e 



dx^ '' "' »? 

(2-2/^6^ + 



Art. 140. Exact Differential Equations. 

The equation Mdx -f Ndy = (1) 

is an exact differential equation, when 

dM dN 



dy dx ^ ^ 
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When the condition in (2) is fulfilled, the integral may be obtained 
by finding I Mdx, regarding y as constant and adding an arbitrary func- 
tion of y. 

The undetermined function of y may be found by the condition that 
the differential of the result just obtained regarding x as constant must 
equal Ndy, that is, 

dyj dy 

from which /(y) may be obtained. (See Art. 49.) 



PROBLEMS. 



| + (2,-l)., = 0. 



dy 'f dx f 

condition (2) is fulfilled, and the equation is exact. I MdXy treating y 
as constant and adding /(y), is - -\-f(y)' 

y 



Now 


a»W dy y r 


whence 


f^dy ^ / 


and 




mi^^r. 


hence 




/W-s*- 


Therefore 




U^^a 



2. (^^xy-f)dx-{-{^a?-2xy)dy=^0. Ans, Sxhf -fx= i). 

3. x(x-\'2y)dx-\-(x^-f)dy = 0. Ans, a? -{-Saih/- f = 0. 

4. (a^ — 4:Xy — 2y^dx-\-(f — 4:xy — 2oi^dy = 0. 

Am. ar* — 6 aj^y — 60^-1-2/^ = 0. 

5. xdx-^-ydy + '^^^-^f^ ^O. Ans. a:» i- 2/^ - 2 arc tan 2^ = C. 

ar-hsr X 

6. e'(x'-[-y^-\'2x)dx-\-2y^dy = 0. Arts, e (x" -^ f) == O, 
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Abt. 141. Factobs Necessary to make Ditfebektial Equations 

Exact. 

When Mdx + Ndy is not an exact differential, it may often be trans- 
formed into an exact differential by the introduction of a factor con- 
taining aj or y or both. This factor, which converts a given differential 
equation into an exact differential equation, is called an integrating 
fdctor. 

I. When Mdx -h Ndy is homogeneous. 

= i fc Jfo + Ny) d log (xy) + (Mx - Ny) d log ^l (1) 

Hence J^±^= Jdlog(^) + J^f^dlog? 

Mx-\- Ny ^ Mx -\- Ny y 

= id[log. + logj^ + if^^f,when« = ?. 

(2) 
When Jf and ^are homogeneous, 

Mx-Ny ... 
Mx + Ny^^""^' 

and the second member of (2) is an exact differential 

Therefore is an integrating factor. 

Mx-^Ny 

This method fails when Mx -^ Ny = 0, but in this case Mx = — Ny. 
Dividing the first term of Mdx + Ndy = by Mx, and the second term 
by its equal; — Ny, 

x y 
Therefore y = Gx. 

For example, given (xy + f)dx— (a^ — xy) dy = 0. 

1 1 



Here 



Mx -f Ny 2 xy'' 
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Multiplying by this factor, 

1/1 
2 



e^^)-ie-^)^-''- 



The condition of integrability for an exact differential is now ful 
fiUed.' 

Therefore ? -f log {xy) = C. 

y 

n. The form, fi(xy)ydx-^f3(a!y)xdy = 0. 

By a method similar to that of I., it may be shown that 



Mx — Ny 

is an integrating factor. This fails when Mx — Ny = 0, but it can then 
be shown, as in the corresponding case of I., that the solution now is 
xy^C. 

But another method of solution by the separation of the variables 
may be used. For example, given 

{^y'-{-xy)ydx^{;xhf--l)xdy^O. (3) 

Assume xy = v, 

^ = -(--Ziyv, (4) 

X \ V J 



whence 



and the variables are separated. 

Integrating (4), and substituting v = xyy 

y=i ce**. 

III. To determine the factor necessary to render Mdx + Ndy exact, 
when that factor is a function of one variable only. 

Assume X, a function of x only, to be the required factor; then 
XMdx + XNdy is an exact differential. 

Hence ^ {XM) = ^ {XN) -, 

dy ^ dx^ ^ 

and since -;^ = 0, 

dy 
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ay ox dx 

therefore ^=i/^-^da:. (5) 

The first member of (5) does not contain y; hence the second 
member must be independent of y also, or 

N\dy dx J -^^^ 

Integrating (5), log X = \f{x) dx, 

therefore X = J-^^'^*'. 

Similarly, if F, a function of y only, is the original factor, 

YMdx-{- YNdy 
is an exact differential, and 

For example, given (q(? -{- y^ -\- 2 x) dx ■\' 2ydy =i 0, 

Assume X to be the integrating factor. 
dM ^ dN r. 

N\dy dx J 
log X = idx = X, and X = e*. 
Multiplying the given equation by e', 

6^(0^ -f f ■i-2x)dx-\'2e'ydy = 0. 

The condition of integrability for an exact differential is now ful- 
filled, and integrating as in Art. 140, 

^x^ -f e'y^ = c. 
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PROBLEMS. 

jc* + S^ 2 X 

Z. (a? + ^dr — 2xydy = 0. Ans. x» — / = ck. 

4. (a? + 2xy-/)cLc = a:»-22y-yay. ^liw. x* + ^ = c(x + y). 
cLc CI 



«. (y + yV^)cia; + (x + x\/i^)dy = 0. -4jw. xy=^c. 

dx 
10- 2a^dy = (ic* + ^da?. ^iia. x* — y* = cx. 

Art. 142. First Ordes and Degree with Three Variables. 

The general form of the differential equation of the first order and 
degree between three variables is 

Pdx-{-Qdy-hBdz = 0, (1) 

in which P, Q and B are functions of x, y and z. 

Such an equation sometimes admits of solution by the separation of 
the variables. 

To obtain the condition of integrability, represent the function by 

v=f{x,y,z) = c; (2) 

whence ^dx-^^dy + ^dz=.0. (3) 

dx ay az 

Comparing (1) and (3), it is seen that 

P, Q and R are proportional to -^, -^ and -^» 
' ^ ^ ^ dx dy dz 
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To obtain the required relation between P, Q and B, assume the 
factor u such that 





"^-i- 




w 




»«-^ 




(6) 


and 


az 




(6) 


From (4) and (5), 


dy^ ' Bydx 


-iiuQy, 





or 



, dP , Pdu dO , ^du 

hence ^ir + -T--^^+ Q^' 

dy ay dx ax 

•'(f-f)=«i-'-g- <') 

Multiplying equations (7), (8) and (9) by R, P and Q, respectively, 
and adding, 

Equation (10) is the required condition of integrability. When 
this condition is fulfilled, equation (1) may be integrated by regarding 
one of the variables, x, y or Zy as constant, and omitting the correspond- 
ing term, Pdx, Qdy or Edz. 

Thus omitting Rdz, integrating Pdx + Qdy = 0, regarding z as con- 
stant and introducing / (z) as the constant of integration, the integral 
is obtained so far as it depends upon x and y. Finally, by comparing 
the total differential of this result with equation (1), df(z) is found in 
terms of z and dz, and then by integration the value of f(z). 

When certain terms of the equation form an exact differential, the 
remaining terms must also be exact. It follows that if one of the vari- 
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ables, say z, can be completely separated from the other two, so that in 
equation (1) R becomes a function of z only, and P and Q functions of 
X and y only, the terms Pdx + Qdy must be thus rendered exact if the 
equation is integrable. 

For example, given zydx — zxdy — y^dz = 0. Dividing by y%, which 
separates z from x and y, and puts it in the exact form, 

yd x — xdy dz _f. 
of which the integral lAX^y log cz. 

PROBLEMS. 

Ans, ic*-f 2^ — 6ajy — 2a»-|-2'= C 

2. y^fdx — sfdy — ^dz = 0. Ans, ^ = e*(l-fcz). 

3. yzdx + zxdy + yxdz = 0, Ans, xyz = C, 

4. (ydx-^xdy)(a-{'Z) = asydz. Ans. xy = c (a -^ z). 

6. The increase in energy of a magnetic field caused by the inde- 
pendent increments dii and dig of current in two coils of self-induction 
Li and L2 and mutual induction fx is dW= iih dii + L4'% di^ -f /xi'i di^ 
-h /Ais dt'i- Find the energy of the field. 

Art. 143. First Order and Second Degree. 

The general form of a differential equation of the first order and 
second degree is 

in which M and N are functions of x and y. The direct differential 

obtained from the primitive contains oiily the first power of -^, and 

dx 
hence cannot be identical with (1). But if the primitive is supposed 

to contain the first and second powers of a constant c, and is solved 

with reference to c, there will result two values of c, from each of which 

c will disappear on differentiation ; and each of these resulting differ- 
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ential equations will contain only the first power of -^, each being a 
factor of (1). Hence the product of the two equations will give (1). 

Therefore the given equation is solved as a quadratic in -^, all the 

dx 

terms are transposed to the first member, and it is resolved into two 
factors of the first order and degree. Each of these factors is then 
placed separately equal to zero and integrated, using the same arbitrsuy 
constant in each. When all the terms in each of these results are 
transposed to the first member, the product of these first members 
placed equal to zero will be the complete primitive. 

For example, given y -^ + 2 aj -^ — y = 0. (1) 

daf dx 

Solving for -^> 
dx 

dy^ X ^ V^ + 2^ ^and ^'^ = ^ Va^ + 3^ . 
dx y y ' dx y y ' 

whence dx = + ^^±y^ and do. = - ^^^±i^. (2) 

Integrating (2), 



a? — -f Va52 + 2/* + c, and « = — V^^fp + c. 



Therefore (a: - c - ^/a^ + f)(x -c+ Vx^-hf) = 0, 
or y^= c^ — 2cx, 



PROBLEMS. 



1. -^ = ax. Arts, {y — cf=z^aa?, 
dxr 

2. ^5^ + 6 = 0. Ans. (2/-2a: + c)(2/-3aj + c) = 0. 
d7? dx 

3. aj«^-f3aJ2/g + 22^ = 0. Ans. (ajy + c) (a:^^ + c) = 0. 

4. (0.2 + 1)^=1. Ans. (^€^-20X^=^1. 

5. ^f^^y\ = x(x-{-y). Arts, (a^- 2?/ + c)[e*(a: + 2^- 1) + c]. 
dx\dx ' J 
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234 DIFFERENTIAL AND INTEGRAL CALCULUS. 



Art. 144. Differential Equations of the Second Order. 



I. EqiLQJtions involving x and -^ ordy. 

dor 

The equation, if possible, is put in the form 

in which X is a function of x only. 

Integrating (1), ^ = ^^ + ^^' (^) 

Integrating (2), y = X^ -f Cia? -f O,. (3) 

In (2) and (3), Xi and Xj are functions of x only, and Ci and C, are 
arbitrary constants. 

For example, given —^ = aa^, 

dor 

Then ^ = aaMx, 

dx 

dy __aa^ p 

ay^^+C^d^, 
5 

II. Equations involving y and — ^ only. 
The equation, if possible, is put in the form 

^= F, (4) 

dm? ' ^ ' 



in which Fis a function of y only. 



Multiplying (4) by 2 f^, 
ax 



dx doi? dx^ 



whence 2 -^ d 

dx 



(|) = 2F.,. (5) 
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Integrating (5), 

Separating the variables and integrating, 



yJ2J'Tdy + Ci 



For example, given -^ = ah/. 
oar 

2|g = 2^|, 



dx 






dx 



_ dy 



VaV-\-0, 



III. EquaJtUms not involving y directly. 

The equation will be of the form F (x, ^, ^^ = 0. 

\ dx doirj 

Assume ^ = z, then g = ^. 

Making these substitutions, an equation of the first order between 
z and X is obtained. 



Fo.ex™p..p.«.g+^-fV[^^'=0. 

Assume -^ = ^9 

dx 

then — ^ =-^da.. 

V(i + zy a' 

Integrating, 



-^:_ = -^^+C, = ^whenO, = ^,; 
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whence 



,_dy_ (? — a? 



dx Va*-(c"-aj*)« 
Therefore y^ f (<^-^^ ^ 

lY. Equations not involving x direcUy, 

Assume -^ = ^y 

ax 

then ^ = ^ = ^^ = 8^ 

da^ dx dydx dy 

Making these substitutions, the independent variable is changed 
from X to y^ and an equation of the first order between z and y is 
obtained. 

For example, given —^ — a ( -^ ) = y. (6) 

dar \dxj 

Substituting ^ = «, and ^ = « — , 
dx dor dy 

z%-<^=y. (7) 

Assume «• = 2 v, then zdz = dv, and substituting in (7), 

dv — 2avdy = ydy, (8) 

Equation (8) is a linear equation of the first order and degree and 
is therefore integrable. 

PROBLEMS. 

1. P^ = 6x. Ana. y = a?+C,x+Ci. 

dor 






3 



d^ ^dx ^""- i' - -1 '"8 * -r ^^ 
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6. (1 — a^^ — ^^ = 2- Ans, y = (B,rc sin xy'\-Ci arc sin X -{-Or 
dor ax 

8. y{l - logy)g + (1 + logy)^gJ = 0. 

9. yg -(§)*= »* ^og y- ^«»- log » = C-ie" + C^-. 

10. The equation of motion of a particle ascending in the air against 
the action of gravity is 

Find tlie equation for tlie space described by the particle in terms of 

the time ; determining the constants of integration by making -^='^ 

when i = 0, and x = when t = 0, 

Ans. a? = -Ti log (vk sin kgt + cos kgt), 
gkr 
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TABLE OF INTEGRALS. 

This table contains tlie principal integrals given in this book, to- 
gether with a few additional ones. The arrangement only partially 
follows the order in which the forms occur in the book, as convenience 
of reference is the first consideration. 

I. 

ELEMENTARY FORMS. 
1. j (du -f- dv — dw) = M -h V — to. 
2. ladx=ttx, 4. la — = alogaj. 



3. Cadf(x)=:af(x). 5. Caafdx = 



aaf+^ 



EXPONENTIAL FORMS. 
6. Ca'logadx = a\ 7. ie'dx=:^. 

TRIGONOMETRIC FORMS. 

8. icosxdx = sinx, 10. j sina?daj = — cosaj. 

9. j sec* ajdaj = tan aj. 11. 1 cosec'a;ciaj = — cotx. 

238 
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12. I sec a; tana; dte = sec a;. 14. I sin a? (2a; = vers as. 

13. I cosec X cot xdx=: — cosec x. 15. j cos xdx = ^ covers x. 

INVERSE TRIGONOMETRIC FUNCTIONS. 

16. I _ _gg — =arcsmag. 20. f z==arc8ecaj. 

•^ ^/^=^ J xV¥- 1 

17. C ^ — =arccosa?. 21. C f - = arc cosecaj. 

18. r-^=arctana?. 22. f , ^^ . = arc versa?. 

Jl-f-aJ* ^ y/2x-^x' 

19. r-^^^ = arccotaj. 23. j ~-^^ = arc covers a?. 

•/ 1 -f- 35^ . "^ V 2 a; — a" 

II. 

RATIONAL ALGEBRAIC FORMS. 
Expressions containing {a'\-hx). 

26. f-^;^ l[a + to-alog(a + te)]. 

26. r\/?-=*=^ dx = V(a-ha:)(6 + a;)-|-(a - &) log ( VcT+a 4- V6Ti). 
•/ ^o + a? 

27. fJ^Zl^daj = V(a-a:)(6 + a;) + (a + «/) arc sinx/^±|- 

28. f^^ = i[i(a + &«)«-2a(a + 6a:)4-a»log(a + 6a:)]. 

Ja?(a-f-6a;) a x 



30. r^^=-i+A,iog^+A- 

./ ar(a 4- ox) ax a* a; 



Digitized by 



Google 



240 DIFFERENTIAL AND INTEGRAL CALCULUS. 

31 C ^ = ^ 

33 . C ^^ = 1 fa + ftx - 2 a log (a + 6x) ^1 

Jx(a + to)« a(a + 6x) a* ^\ x y 

Expressions containing (a-^-ha^. 

36. f-^?— = larctan?- 
J or -\'7r a a 

J a'^ar 2 a a — x 

37. I , = arctanx\/-, wlien a>0, and 6>0. 

J a-k-bar y^^ ^a 

39. r^,= log JiHi: 

Ja + 6a!» 26 ^\, ^6/ 

41. r-^ = ?-Jiarctan*Ji. 

42. f__^_ = _J.-jAarctan«'j5. 

43. f— ^ = ? + _J_ arc tana; J^. 

r dx __ 1 a; 2m — 1 r do; 

' J (a 4- ftar^""^^ 2ma (a 4- ^"^ 2 ma J (a + 6aj^"* 

r Q?dx —X 1 r cZx 

* J (a + 6ar^~+^ ~ 2 m^ (a + by?)"^ 2 7>i6 J (a -f- 6ar*)" 
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Expressions involving (a + ftaf). 

46. CoTia-^barydx 

ar-^\a 4- bafy^^ -(m-n-\- l)a Tar »(a + bixfydx 
" b (np 4- m -f 1) 

47. Cx-^(a'\'bafydx 

ar-+* (a 4- bary^^ -f- 6(m - np - n - 1) r«-*+*(a + ftaJ-yAr 
~ — a(m — 1) 

48. Caria-k-barydx 

ar+* (a 4- bary 4- anp (V (a 4- bary-^dx 
~" Tip 4- m 4- 1 

49. Car(a+bQif)-'dx 

ar^\a 4- bar)-^^ — (m 4- n 4- 1 — «p) p^Ca + baf)'^^dx 
" an(|> — 1) 

III. 
IBBATIONAL ALGEBRAIC FUNCTIONS. 



Expressions containing Va4-&R 
2 



50. fVa 4- 6ajdaj = — V(a 4- 6«)'. 
51 C /^ =gV^T6i. 

54. f:v^T^da: = 2V^T6i+V^iogr^ ^^-^Y 

*/ a; VVa 4- 6a; 4- V a/ 
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55. r ^_ = J- log(^^^+^-^\ when a>0. 

56. r ^^ ^ 2(8a'-4ato + 3yx») .^^^pp^ 

' J 2^Va~-fbx «? 2V? WaTto + A/o/ 

Expressions containing Vc?+x*. 

59. r-^^=log(x+V^+rf). 

61. jV^dx =Vg+^-a log (^±^^g±g) 

62. f— ^ ^ilog 5 

64. r__^_ = _ V^T? 

65. rx*Vi2T~i^dx = f(2x* + a^V?T^-Jlog(x+V5^T^ 
•^8 8 

66. r ^^ := ^ 

•^ o 8 

68 



r dx _ V^M^ 1 iQ^/ ^g+Va' + x^ 
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dx X 



V(a» + af)' a»Vo*+a!« 



Expressions containing V^^-i?. 

71. I ^a^ — 7? dx=:\(x Va^ — aj2 + a* arc sin - \ 

72. I = arc sin -• 

73. ra;Va''-a^cto = -iV(a»-ai«)». 

74. r_^=llogf ? ^^. 

J X X 

/xdx ,— 

77. C^ Va2 - flJ^da? = - | V(a« -ar^3 + |Y« Va*- aj^ + a'arcsin^Y 

-o r ^^ a; /-2 — -o , a' . a; 

78. I — = — - V g^ — ar + — arc sm — 
•^Va*-aj2 2 2 a 

79 r__^_ = _ v«^— ^ 



80. I c^o; = — -^-^^!^ ^ — arcsm-. 



a; a 



81. CV(cF^^^^dx = dxVW^^'\-^^ 

/ dx _ X 



82. _ ^ ^ 
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Expressions containing Va;* — a*. 

85. rV?^=^*cto = i [aJ Vx'-a* - a* log (x + Vaj^-a*)]. 

86. r /^ =log(a;+V:?^^^ 

87. f ^^ =V^^r¥«. 

88. CxV^^^^'dx = i V(ar^ - a*)'. 

89. r:^^^:=l^da; = V?^=^~aarcco8-. 
J X X 

90. I _ = - arc sec — 

J x^^-a^ a a 

91. r_^= = 5V^^r^'+^log(aj + V^^r^«). 

92. I — ^- = 5 

93. rar^Vx-2"^=^dx = ?(2ar^ - a^V?^=^' - ^log(a; + V^?^=^«). 
»/ 8 o 

„, / ♦ die - V'^ - <*' I ^ arc bcc '^ 

96. J V(9i» - a^do; 

= I fwCa^-ay - 3^ Vir«^r^' + ^ log {x + Vi?^=^*)] 
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96 f ''' =- ' . 

98. C ^ = * 

99. r(a*-<0^dc = f(2a*-6«OV?^^ + ?^log(x+V?^=y). 
•/ 8 8 



00. 



Expressions coxTAnrrxG V2 ax ±a^. 



rV2 oar -^a:»dx = ?^^V2ax-a!»+^ arc veri 
«/ 2 2 a 



01. I ^ =aroYer-^ 



V2ax-a^ 



02. I . - = — V2aa; — g^ + aarcYCT-' 



_^^ __V2aar-a!» 



ar V2 CMP — a^ oar 

04. ra:V2ax-a^iix = - ^^"^^"^^ V2aar^a^-hgaiCYerg> 
«/ 6 2 a 

05. r^^^~^ da;=V2ag-a!»-hoarcYer^> 
J X a 

-_ /• dflp ar— a 
07. I r = ' 

•^(2aa; — «»)^ a-^2ax-'a^ 



C xdx 
08. I 



(2ax — a^^ a\/2aX'-Q? 

09. f ^ = log(a; + a+V2aaj4-aO- 

•^V2aaj-|-a^ 
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110. r_^^^- = -£±l^V2ax-x»-hfa«arcver?. 



111. f— ^— = -('^ + |aa: + fa»V2««-aj«4-fa« 



arc ver ?. 
a 



Expressions containing Va 4- fra; ± ca^. 

112. f ^ — = -l-log(2ca;-t-6 4-2VcVa4-6a;-hcaf). 
^ Va -f- ^ + ex* Vc 

113. rVa4r5^4r^da; = 2c^+_6 ^a + to + caj» 
•^ 4c 



4c 
6* — 4 ac 



8ct 

r.^ _ 

•^ Va 4- ^x — cx^ Vc V6^ -}- 4 ac 

. rVa-|-6a:-car*dic= ?^^^Va + to-caj2 
./ 4c 

,6*4-4ac^_ .^ 2ca:~6 

H ■ — - — arc sin 



log (2caj + & + 2Vc Va-hto + ciT*). 



114. I — = — arc sm 



116 



8c* V6*4-4ac 

Va 4- 6x -h caj* 



116. r ""^ 

^ Va 4- 6a; 4- ca^ 

-^1"— log (2 ex 4- '6 4-2 Vc Va 4- 6a; 4- car*) I 
2c[_Vc J 

117. r ^^^ =V a + 6a;4-ca;f f-|^^ 

V8c2 2cyJ Va + 6icT«? 
^ Va 4- 6a; 4- < 



n — 1 a 



n c 



5 r a;"-^da; 2n-l ^ h C af'-Hx 

^ Va 4- 6a; 4^x2 2n cJ Va 4- 6a? 4- ca;* 
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IV. 
TBIGONOMETBIC AND TBANSCENDENTAL FUNCTIONS. 

19. I sin* ad* = ^ a? — J sin 2 a. 

20. I cos'adoj = ^ a; 4- i sin 2 a;. 

21. j tan xdx = log sec x. 

22. j cot xdx = log sin ». 

/-f^ = logtan4a?. 
sin X 

24. r-^=logtanf^ + iA 

25 . I cosec oj do; = log tan ^ oj. 

26. f ^^ — - = ^ arc tanf/'^^^^Y tan^l when a > 6, 

J a + & cos ^ Va* — b^ W^ + ^/ ^J 

Vft + a + V2> — a tan - 
log -, when a<b. 



Vfr'^^^' Vft+^-VF^^tanf 



127. I a; sin aj da; = since — a; cos a;. 

128. j a:*sinajda; = 2a5sinaj — (a^ — 2)cosa;. 

129. I a; cos a; da; = cos aj + a? sin a;. 

130. I a* cos a? da; = 2 a; cos aj -4- («^ — 2) sin a?. 

131. r?iB^da;=a;-^4-^-;^ + .... 
J X 3\S 5\5 7[7 
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33. lsLrcsmxdx = asarc sinx -|- VI — a^. 

34. I SLTCcosxdx = xarccosx —VI — as?. 

35. I arctana;da; = a;arctana; — ^log(l + a^. 

36. I arc cotan a; daj = 05 arc cot ap-f^ log (1 + a5*). 

37. I arc vers a; da? = (a? — l)arcver8aj-f-V2a;— as*. 

38. I log a;da; = a; log x^ x, 

39. J~^ = log(loga;)-hlogaj + ilog*a;-|-^log»a5 + *.. 

.0. r-_^ = log(loga:). 
J xlogx 

1. raje-'da; = ^(a'-l). 

o r^ «;« ^ ^^ ^(^ sin X — cos a;) 
:2. I e^ sm X ax = — ^^ — f * 

C.^ ^ e" (a cos aj + sin aj) 

3. I e" cos a;daj = — ^^ — \- ^« 

J a* 4-1 

A. re-logxdx = !!li5S^-i f^Tdx. 
J a aJ X 

5. CoTe'^dx = ^^ - - (TT-^erdx. 
J a aJ 

far log orcte = x"+fi5£^ - ^-^^T 
^ n n */ 
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148. 1 cos*a;ciaj = -cos*"^a;8ina;-H^^-^^^ ( cos""' a? da. 
J n n J 

149. I COS** aj sin" 05 oaj = 1 I cos** ^a; sm"ajda; 

J m-\-n m-f- nJ 



1 I cos*" X sin"^ aida;. 

m-\-n m -\-nJ 



150. ftan" ajdaj = ^5511^ - Ctosi^-^ x dx, 

161. far log" a; da; = -^^ log" a? ^ raf»log"-^a?da;. 

J ^ m + 1 m + lJ 

rardx ^ a^"^^ , m + 1 Cj^dx^ 

J log" a; (n — 1) log""^ a; n — 1 J log"~* x 

153. ra^a?»da? = -^^^^^^ ^^^ — CoTaf-^dx, 

J mloga mloga*/ 

r a'dx o^ . logg C a'dx 

J af (m — l)a;'"~^ m — lJ af*~^ 

,..1- /^ «« « ^ e"'cos"~*aj(acosaj-f nsinaj 
155. I e"'cos"ajda; = ^^- r— ^ 

+ ^(f •"^) fe^cos-'ajda;. 
a^ + n* */ 

af*co8aajda;= -— (oa; sin aa: 4- m cos aa?) 
a 

- ^(^7^) far-'cosaajdx. 
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Schools. Translated and annotated by A. P. Smith, M.E. 12mo, cloth, 7 folding 
plates. Second edition $2.00 

JAMIESON. ANDBEW. C.E. A Text-Book on Steam and Steam-Engines. Specially 
arranged for the Use of Science and Art, City and Guilds of London Institute, 
and other Engineering Students. Tenth edition. Illustrated. 12mo, cloth, $3.00 

Elementary Manual on Steam and the Steam-Engine. Specially arranged for 

the Use of First-Year Science and Art, City and Guuds of London Institute, and 
other Elementary Engineering Students. Third edition. 12mo, cloth . . $1.40 

JANNETTAZ, EDWABD. A Guide to the Determination of Bocks : being an Intro- 
duction to Lithology. Translated from the French by G. W. Plympton, Professor 
of Physical Science at Brooklyn Polytechnic Institute. 12mo, cloth ... $ 1.50 

JOHNSTON, Prof. J. F. W.. and CAMEBON. Sir CHABLES. Elements of Agricul- 
tural Chemistry and Geology. Seventeenth edition. 12mo, cloth .... $ 2.60 

KAPP, GISBEBT, C.E. Electric Transmission of Energy and its Transformation, 
Subdivision, and Distribution. A practical handbook. Fourth edition. Revised. 
12mo, cloth $3.50 

LODGE, OLIYEB J. Elementary Mechanics, including Hydrostatics and Pneumatics. 
Revised edition. 12mo, cloth $ 1.50 

MINIFIE, WM. Geometrical Drawing. Abridged from the octavo edition for the use 
of Schools. Dlustrated with 48 steel plates. Ninth edition. 12mo, cloth . $2.00 

MOSES, ALFBED J., and FABSONS, C. L. Elements of Mineralogy, Crystallog- 
raphy, and Blow-Pipe Analysis from a practical standpoint. 8vo, cloth. 33() illus- 
trations $2.00 

NASMITH, JOSEPH. The Student's Cotton Spinning. Second edition, revised and 
enlarged. 8vo, cloth, illustrated $3.00 

NOAD, HENBY M. The Students' Text-Book of Electricity. A new edition, carefully 
revised. With an Introduction and additional chapters by W. H. Preece. With 
471 illustrations. 12mo, cloth $4.00 

NUGENT, E. Treatise on Optics; or, light and Sight theoretically and practically 
treated, with the application to Fine Art and Industrial Pursuits. With 103 illus- 
trations. 12mo, cloth $ 1.50 

PALAZ, A., Sc.D. A Treatise on Industrial Photometry, with special application to 
Electric Lighting. Authorized translation from the French by George W. Patter- 
son, Jr. 8vo, cloth. Illustrated $4.00 

PABSHALL, H. F., and HOBABT, H. M. Armature Windings of Electric Machines. 
With 140 full-page plates, 65 tables, and 166 pages of descriptive letter-press. 4to, 
cloth $7.50 

PLATTNEB. Manual of Qualitative and Quantitative Analysis with the Blow-Pipe. 
From the last German edition, revised and enlarged, by Prof. Th. Richter, of the 
Royal Saxon Mining Academy. Translated by Prof. H. B. Cornwall, assisted by 
John H. Caswell. Illustrated with 87 woodcuts and one lithographic plate. Seventh 
edition, revised. 560 pages. 8vo, cloth $5.00 

PLYMPTON, Prof. GEO. W. The Blow-Pipe. A Guide to its Use in the Determination 
of Salts and Minerals. Compiled from various sources. 12mo, cloth ... $ 1.50 

POPE, F. L. Modem Practice of the Electric Telegraph. A Technical Hand-Book for 
Electricians, Managers and Operators. Fourteenth edition, rewritten and enlarged, 
and fully illustrated. 8vo, cloth $ 1.60 

PBESCOTT, Prof. A. B. Organic Analysis. A Manual of the Descriptive and Analytical 
Chemistry of Certain Carbon Compounds in Common Use ; a Guide in the Qualita- 
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tive and Quantitative Analysis of Organic Materials in Commercial and Pharma- 
ceutical Assays, in the Estimation of Impurities under Authorized Standards, and 
in Forensic Examinations for Poisons, with Directions for Elementary Oreanic 
Analysis. Third edition. 8vo, cloth 1 5.00 

— OutlineB of Proximate Org^anic Analyiis, for the Identification, Separation, 

and Quantitative Determination of the more commonly occurring Organic Com- 
pounds. Fourth edition. 12mo, cloth ^1.75 

First Book in Qualitative Chemistry. Eighth edition. 12mo, cloth . . 31.50 

and OTIS COS JOHNSON. Qualitative Chemical Analysis. A Guide in the Prac- 
tical Study of Chemistry and in the Work of Analysis. Fourth fully revised edition. 
With Descriptive Chemistry extended throughout $ 3.50 

BANKINE, W. J. HACQUOBN, C.E., LL.D., F.B.S. Machinery and Millwork. Com- 
prising the Geometry, Motions, Work, Strength, Construction, and Objects of 
Machines, etc. Ulustrated with nearly 300 woodcuts. Sixth edition. Thoroughly- 
revised by W. J. Millar. Crown 8vo, cloth $5.00 

The Steam-Engine and Other Prime Movers. With diagram of the Mechanical 

Properties of Steam, folding plates, numerous tables and illustrations. Thirteenth 
edition. Thoroughly revised by W. J. Millar. Crown 8vo, cloth .... $5.00 

Useful Sules and Tables for Ennneers and Others. With appendix, tables, 

tests, and formulae for the use of Electrial Engineers. Comprising Submarine 
Electrical Engineering, Electric Lighting, and Transmission of Power. By Andrew 
Jamieson, C.E., F.R.S.E. Seventh edition. Thoroughly revised by W. J. Millar. 
Crown 8vo, cloth $4.00 

A Mechanical Text-Book. By Prof. Macquorn Rankine and E. F. Bamber, C.E. 

With numerous illustrations. Fourth edition. Crown 8vo, cloth .... $ 3.50 

BANKINE, W. J. MACQUOBN, C.E., LL.D., F.B.S. Applied Mechanics. Comprising 
the Principles of Statics and Cinematics, and Theory of Structures, Mechanism, and 
Machines. With numerous diagrams. Fourteenth edition. Thoroughly revised by 
W.J.Millar. Crown 8vo, cloth $5.00 

Civil Engineering. Comprising Engineering Surveys, Earthwork, Foundations, 

Masonry, Carpentry, Metal- Work, Roads, Railways, Canals, Rivers, Water-Works, 
Harbors, etc. With numerous tables and illustrations. Eighteenth edition. 
Thoroughly revised by W. J. Millar. Crown 8vo, cloth $6.50 

BEINHABT, CHAS. W. Lettering for Draftsmen, Engineers, and Students. A Prac- 
tical System of Free-hand Lettering for Workiug Drawings. Second thousand. 
Oblong boards $1.00 

BICE, Prof. J. M., and JOHNSON, Prof. W. W. On a New Method of obtaining the 
Differential of Functions, with especial reference to the Newtonian Conception of 
Rates of Velocities. 12mo, paper 50 

BIPPEB. WILLIAM. A Course of Instruction in Machine Drawing and Design 
for Technical Schools and Engineer Students. With 52 plates and numerous ex- 
planatory engravings. Folio, cloth $ 6.00 

SHIELDS, J. E. Notes on Ennneerin^ Construction. Embracing Discussions of the 
Principles involved, aud Descriptions of tho Material employed in Tunnelling, 
Bridging, Canal and Road Building, etc. 12mo, cloth $ 1.60 

SNELL. ALBION T. Electric Motive Power: The Transmission and Distribution 
of Electric Power by Continuous and Alternate Currents. With a section on the 
Applications of Electricity to Mining Work. 8 vo, cloth. Illustrated. . . $4.00 

STAHL, A. W., and WOODS, A. T. Elementary Mechanism. A Text-Book for 
Students of Mechanical Engineering. Fourth edition. Enlarged. 12mo, cloth, $2.00 

STALEY, CADY, and PIEBSON, GEO. S. The Separate System of Sewerage: its 
Theory and Construction. 8vo, cloth. With maps, plates, and illustrations. 
Second edition $3.00 

UBQUHABT. J. W. Dynamo Construction. A practical handbook for the use of 
Engineer Constructors and Electricians in charge, embracing Framework Building, 
Field Magnet and Armature Winding and Grouping, Compounding, etc., with 
examples of leading English, American, and Continental Dynamos and Motors; 
with numerous illustrations- 12mo, cloth $3.00 

WILSON. GEO. Inorganic Chemistry, with New Notation. Revised and enlarged 
byH. G. Madan. New edition. 12rao, cloth $2.00 

WEIGHT, Prof T. W. Elements of Mechanics, including Kinematics, Kinetics, and 
Statics. With application. 8vo, cloth $2.60 
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